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Problem 49

Let N P Zě3. Let S be a scheme and let E{S an elliptic curve. Show that every

automorphism f : E
–
ÝÑ E such that f|ErNs “ idErNs is the identity of E.

Hint. Compute the degree of f ´ idE (cf. Problems 37, 38, 43). Use that a homo-
morphism g with ErN s Ď Kerpgq factors through rN s.

Problem 50

Let N P Zě3. Show that the (representable) functor

MΓpNq : pSch{Zr
1

N
sq

op
Ñ pSetsq,

S ÞÑ

!

pE,αq; E{S ell. c., α : pZ{NZq
2 –

ÝÑ ErN s

)

{ –,

satisfies the infinitesimal lifting criterion for formal smoothness, i.e., for a scheme T
and a closed subscheme T0 Ă T defined by an ideal sheaf I with square I 2 “ 0
every pair pE0, α0q P MΓpNqpT0q can be lifted, locally on T , to a pair pE,αq over T .

Problem 51

Show that the (non-representable) functor

M : pSchq
op

Ñ pSetsq,

S ÞÑ tE{S ell. c.u { –,

does not satisfy the valuative criterion for properness, i.e., prove that there exists
a discrete valuation ring R and an elliptic curve E over the field of fractions of R
which is not isomorphic to the base change of an elliptic curve over R.

Hint. You may use that the discriminants of two Weierstraß equations for the same
elliptic curve (over some ring K) differ by multiplication by an element of the form
u12, u P Kˆ (as can be checked using the formula for the discriminant in terms of
the coefficients and using that any two Weierstraß equations for the same curve are
related by a change of coordinates).



Problem 52

Let k be a field of characteristic p ą 0.

(1) Let G{k be a group scheme, and let F : G Ñ Gppq the relative Frobenius mor-
phism (cf. Problem 23). Show that Gppq carries a natural group scheme structure
induced from the one on G and that F is a group scheme morphism.

(2) Now let µp be the kernel of F : Gm Ñ Gppq
m p“ Gmq, and let αp be the kernel of

F : Ga Ñ Gppq
a p“ Gaq. In each case, show that we obtain a finite group scheme

G over k, and that the rank dimk ΓpG,OGq of G is p.
(3) Compute the R-valued points of αp and µp (R a k-algebra) and conclude that

αp, µp and the constant group scheme Z{pZ are pairwise non-isomorphic.


