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Problem 37

Let S be a connected scheme. For an isogeny f : E Ñ E 1 of relative elliptic curves
over S we denote by degpfq the rank of the locally free OS-module corresponding
to the finite locally free S-scheme Kerpfq. We also set degp0q “ 0.

(1) Explain that this defines degpfq P Z for all homomorphisms E Ñ E 1 of elliptic
curves over S. What happens if S is not assumed to be connected?

(2) Let f : E Ñ E be an endomorphism of an elliptic curve E over S. Show that
f ` f_ is an integer. We denote this integer by trpfq and call it the trace of f .

Hint. For Part (2), compute the degree of r1s ` f .

Problem 38

Let S be a connected scheme and let E{S be an elliptic curve. Let f : E Ñ E be
an endomorphism of the elliptic curve E.

(1) Show that f is a zero of the polynomial X2 ´ trpfqX ` degpfq.
(2) Show that for n,m P Z we have n2 ´ trpfqmn ` degpfqm2 “ degpn ´ mfq ě 0.
(3) Show that x2 ´ trpfqx ` degpfq ě 0 for all x P R and conclude that

trpfq
2

ď 4 degpfq.

Problem 39

Let S be a connected scheme and let E be a relative elliptic curve over S such that
the endomorphism ring EndSpEq is commutative.

(1) Prove that EndSpEq is an integral domain.
(2) Prove that FracpEndSpEqq “ EndSpEq bZ Q.
(3) Prove that FracpEndSpEqq is equal to Q, or is an imaginary quadratic number

field.

Remark. We proved in AG3 Problem 22 that whenever S is the spectrum of a
field of characteristic 0, then the endomorphism ring of every elliptic curve over S
is commutative. By the results on the constancy locus of a morphism, this holds
whenever S is connected and contains a point with residue field of characteristic 0.



Problem 40

Let q be a prime power, let Fq be the finite field with q elements and let E be an
elliptic curve over Fq. Denote by F P EndpEq the q-Frobenius isogeny of E.

(1) Show that r1s ´ F is étale.
(2) Show that #EpFqq “ 1 ` q ´ trpF q.
(3) Prove the Hasse bound

|#EpFqq ´ pq ` 1q| ď 2
?
q.

Remark. One can show (this is part of the Weil conjectures for curves over finite
fields) that every smooth projective curve E of genus 1 over the finite field Fq satisfies
the estimate in Part (2). In particular, it follows that EpFqq ‰ H for every such E,
so E can be equipped with the structure of an elliptic curve.


