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ULRICH GORTZ

INTRODUCTION

This lecture course is a continuation of the course Algebraic Geometry 1
which covered the definition of schemes, and some basic notions about
schemes and scheme morphisms, such as immersions and subschemes, fiber
products of schemes and separated morphisms.

The main object of study of this term’s course will be the notion of Ox-
module, a natural analogue of the notion of module over a ring in the context
of sheaves of rings. As we will see, the &'x-modules on a scheme X contain
a lot of information about the geometry of this scheme, and we will study
them using a variety of methods. In particular, we will introduce the notion
of cohomology groups, a powerful algebraic tool that makes its appearance in
many areas of algebra and geometry.

These notes are based on the notes for similar courses which I taught in
2023 and 2019, and will be updated or modified to reflect the content of the
current class while the term proceeds.

References. The books [GW1], [GW2] by Wedhorn and myself, by Hartshorne
[H], and by Mumford [Mu]. More precise references are given in most of the
individual sections. Mumford still uses the ancient terminology and calls a
prescheme what we call a scheme, and a scheme what we call a separated
scheme. Further references: [Stacks|, [EGA].

We give a brief overview of some of the topics we will discuss in this class.

Proper schemes and morphisms. (Section ) Similarly as separat- April 14,
edness is the algebro-geometric version of the Hausdorff property, properness 2026
is the algebro-geometric version of compactness; we will see that - as expected,
cf. the Riemann sphere - projective space and all of its closed subschemes are
proper. (The converse is, interestingly, not true: There exist proper schemes
(over a field, say) which cannot be embedded into any projective space.))

Divisors and line bundles. (Chapter [3) Assume we have a closed
subscheme X C P}!. We can intersect X with the "coordinate hyperplanes”
Vi (X;) to obtain subschemes of X of a very special form, so-called divisors.

Date: June 9, 2026.
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We will discuss several perspectives on the notion of divisor. It is an in-
teresting question whether, given a divisor, it arises in the way described
above.

Ox-Modules. (Chapter Similarly to the notion of module over a
ring, there is a notion of sheaves of modules over a sheaf of rings which we
can apply in particular to the structure sheaf of a scheme or of any ringed
space. Such 0x-modules contain a lot of interesting information about the
underlying space X. There is a close connection to the notion of divisor
which we will discuss in the course. (And for this reason, in the course we
will first talk about &x-modules, and then about divisors.)

Cohomology of sheaves. (Chapter @ We know that a surjective sheaf
morphism might not induce surjections on the sets of sections over a fixed
open of the underlying space (for simplicity take the whole space X). So
the functor I'(X, —) taking global sections (on the category of sheaves of
abelian groups say, where we have a notion of exact sequences) is not exact.
Studying in which way exactness fails leads, by the general formalism of
"derived functors”, to the notion of cohomology groups H*(X,.#) on X with
coefficients in a sheaf .# of abelian groups. (Often .# will be a &'x-module).
This is an extremely powerful tool to ”algebraize” geometric information.
After this ”controled loss of information” often things are easier to work
with.

The Theorem of Riemann-Roch. (Theorem [3.44] Section (6.17)) This
famous theorem is a specific example where cohomology of O'x-modules
attached to divisors on a smooth projective curve can be used very profitably
in order to study the geometry of the curve. Among many other things it
yields a very clean description of the group structure on an elliptic curve,
giving us the associativity (which we had to leave open in Part 1) basically
for free.
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1. PROPER MORPHISMS

The functorial point of view.

(1.1) Schemes as functors.

References: [GW1] Sections (4.1), (4.2); [Mu] I1.6.

As we have discussed in Algebraic Geometry 1, to a scheme X we can
attach its functor of T-valued points:

hx: (Sch)°®? — (Sets), T +— X(T):= Hom(T, X),

which on morphisms is just given by composition: f: T’ — T is mapped
under hx to the map X(T) — X(T7), a — «o f.

Example 1.1.

(1) For any affine scheme X = Spec A, we have X (T') = Hom(A, (T, Or)).
For example, this gives A% (T") = I'(T, Or)" for any ring R and any R-
scheme T' (where we understand A’%(T') as the set of morphisms 7" — A,
of R-schemes).

(2) It is more difficult to describe P™(T') for general T' (for T' the spectrum
of a field, we have the description by homogeneous coordinates). We will
come back to this later.

_Using the notion of a morphism of functors, we can speak of the category
¢ := Func((Sch)°PP, (Sets)) of all such functors, and we obtain a functor
h: (Sch) — ‘g, X — hx, which on morphisms is — once again — defined by
composition: a: X' — X is mapped by h to the morphism hy: — hx of
functors given by X'(T') — X(T'), B — Boa.

Even though at first sight this may look complicated, this is an entirely
“formal” (i.e., category-theoretic) procedure which has nothing to do with
schemes. In fact, if € is any category (as always, assumed to be locally small,
i.e., each Hom(X,Y') is a set), for an object X of ¥ we can define the functor

hx: PP — (Sets), T — X(T):=Homg(T,X),
and now setting ¢ := Func(%€°PP, (Sets)), we obtain a functor h: € — %.

Theorem 1.2. (Yoneda Lemma) For any category €, the functor h
constructed above is fully faithful.

Proof. Given X and Y and a morphism ®: hx — hy, we obtain a morphism
X — Y by applying ® to idx € hx(X). One checks that this is an inverse
of the map Hom(X,Y) — Hom(hx, hy) given by h. O

Remark 1.3. The Yoneda lemma says that the map Homg(X,Y) —
Hom(hx,hy) is a bijection for all X, Y. We may rewrite the left hand
side as hy (X). More generally, with basically the same argument one can
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show that for every functor F': €°PP — (Sets) there are identifications
F(X) = Hompype(gorr, (Sets)) (hx, F7) that are functorial in X.

We will mostly apply the Yoneda Lemma to the category of schemes, or
the category of S-schemes for some fixed scheme S. Let us list some of
its consequences (as before, these facts are not specific to the category of
schemes):

(1) Let X, Y be schemes. The following are equivalent:
(i) XY,
(ii) hx = hy (isomorphism of functors)
(iii) there exists a family fr: X(T) — Y (T) of bijections of sets that is
functorial in T', i.e., for every scheme morphism 7" — T, the diagram

X(T) 7 v (1)

| |

X(1) s v (1)
is commutative.

(2) Let X, Y be schemes. Giving a scheme morphism X — Y is equivalent
to giving a family of maps fr: X(T) — Y (T') of sets for each scheme T,
that is functorial in 7' (same condition as in (1) (iii)). Ezample. The
determinant of a matrix is a scheme morphism A" 5 AL

(3) A diagram of scheme morphisms is commutative if and only if for every
scheme T the diagram (in the category of sets) obtained by replacing
each scheme by its set of T-valued points, and replacing the scheme
morphisms by the induced maps of sets, is commutative.

Given a functor F': €°PP — (Sets), it “usually” will not be isomorphic
to a functor of the form hx. If it is, it is called representable (by X), and
this is a very special property. On the other hand, especially in algebraic
geometry, i.e., when % is the category of schemes (or of S-schemes for some
fixed scheme S), it turns out that many naturally appearing functors are
in fact representable. Proving such representability results is often quite
difficult, but at the same time extremely useful, and this approach yields
some of the most interesting examples of schemes.

Fiber products and base change.

(1.2) Recap: fiber products of schemes.
References: [GW1] Sections (4.4)—(4.6); [H] 11.3; [Mu] 11.2.

The universal property of a fiber product generalizes the universal property
of a product (of two objects, in any category). It is defined as follows. (See
the lecture notes for Algebraic Geometry 1 for a bit more background, e.g.,
an explanation of the term fiber product.)
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Definition 1.4. Let € be a category. We fix morphisms f: X — S and
g:Y — 5. Then an object P in & together with morphisms p: P — X and
q: P —Y such that fop = goq is called a fiber product of X and Y owver S,
if for every object T of € together with morphisms a: T — X and 5: T —Y
with f oa = go B, there exists a unique morphism £: T — P with po & = «,

qo&=p.
We say that a commutative square

A——B

L

C —— D

is cartesian, if it is a fiber product diagram, i.e., if A satisfies the universal
property defining the fiber product of B and C over D.

Theorem 1.5.

(1) If f: X = S, g: Y — S are morphisms of schemes, then the fiber product
of X andY over S exists.

(2) If in (1) X = Spec A, Y = Spec B, S = Spec R are affine schemes (so
that f and g are given by ring homomorphisms R — A, R — B, then
Spec A ®p B together with the morphisms induced by the natural maps
A— A®r B, B— A®pg B, is the fiber product of X and Y over S.

(3) For f, g as in (1), and open covers S = |J,U;, f~HU;) = U; Vij
g (U) = Uy Wik, for all i, j, k, the natural morphism Vij Xy, Wix —
X xgY induced by the universal property of the fiber product is an open
immersion, and taken together the open subschemes of the above form
cover X XgY.

Example 1.6. If f: X — S is any morphism and V' — S is an open
immersion, then we can identify X xg V = f~1(V) as X-schemes, i.e., the
projection X xgV — X is an open immersion which induces an isomorphism
X xg V= f~YV) (where we view f~1(V) as an open subscheme of X).

Example 1.7. (Fibers of a morphism) If f: X — S is a morphism of schemes
and s € S, then we call the fiber product X, := f~1(s) := X x5 Specx(s)
(with respect to f and the natural morphism Specrx(s) — S) the scheme-
theoretic fiber of f over s. The projection Xg — X induces a homeomorphism
between the topological space of the scheme X and the fiber of the continuous
map f over s. Cf. the Algebraic Geometry 1 class, or see [GW1] Section (4.8).

Lemma 1.8. In the list below, the “obvious” maps between fiber products

are isomorphisms:

(1) X xg S =X,

(2) X Xsy%YXSX,

(3) (X xsY)xp Z 2 X xg (Y xXp Z) (and this allows us to omit the
parentheses in expressions like these).
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(4) Let f: X =Y be a morphism and let I'y: X 4D, xsY be the graph
of f. Then the following diagram is a fiber product diagram.:

x—71 .y

oo

X xgY 2y oy

(These claims have to be read in the “natural way”, e.g., in (1) the
fiber product on the left is formed with respect to id: S — S, and in (3)
morphisms X — S, Y = S,Y = T, Z — T are given and used to form
the fiber products, and the morphism X xgY — T is the composition
X xgY — Y — T of the projection to the second factor with the given
morphism Y — T, and similarly on the right hand side.)

Proof. These properties can easily be checked using the universal property
(or, what more or less amounts to the same, by the Yoneda lemma). In any
case, this reduces to checking the above claims for fiber products of sets,
where they follow immediately from the explicit description of fiber products
of sets. O

Example 1.9. (Group schemes) Let S be a scheme. A group scheme over
S is an S-scheme G together with a functor h: ((Sch)/S)°PP — (Grp), such
that h¢ is the composition of h and the forgetful functor (Grp) — (Sets). In
other words, for every S-scheme T', we are given a group structure on G(7T'),
and for every morphism 77 — T, the induced map G(T') — G(T") is a group
homomorphism.

In view of the above discussion, we can express this structure equivalently
by giving a multiplication morphism m: G xgG — G, a morphism i: G — G
(“inverse element”) that induces the map g — ¢g~! on each G(T), and a
morphism S — G (“neutral element”) that induces the neutral element in
each G(T) (note that for every S-scheme T, the set S(T) is a singleton).
The morphisms m, ¢, e have to satisfy certain conditions reflecting the group
axioms; the conditions can be expressed by requiring that certain diagrams
be commutative. See [GW1] Section (4.15).

Some examples: Fix an affine scheme S = Spec(R). We will consider group
schemes over S.

(1) The trivial group scheme G = S. Then G(T) is a singleton set for every
S-scheme T', and we give it the structure of the trivial group.

(2) The additive group G, (over S). As a scheme, we define it as G, =
Spec R[X]. Then for every S-scheme T' we have, since G, is affine,

Go(T) = Homg(T, G,) = Homg(R[X], (T, O7)) = T(T, Or)

and we equip it with the group structure given by the addition of the
ring I'(T, Or).
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(3) The multiplicative group G,, (over S). As a scheme, we define it as
Gy = Spec R[X, X~ !]. Then for every S-scheme T' we have, since G, is
affine,

Gm(T) = Homg(T, G,,) = Homg(R[X, X Y,I(T, O7)) = (T, O7)*

and we equip it with the multiplicative group structure inherited from
the multiplication of the ring I'(T, Or).

(4) The general linear group GL, (as a group scheme over S). This should
be a group scheme GL,, such that for every S-scheme T" we have

GLn(T) = GLn(P(Ta ﬁT))a

where the right hand side is the “usual” general linear group of invertible
matrices with entries in the ring I'(T, 7). Clearly this is a functorial
group structure on all these sets, but we still have to justify that there
exists an S-scheme that has these sets as its T-valued points. But this is
not difficult: We view the affine space Agz = Spec(R[X; j; i,j =1,...,n])
of dimension n? as the space of n x n-matrices, i.e.,

AY(T) = (T, 67)" = Mat,(I(T, Or)),

denote by det € R[X; j; i, = 1,...,n] the determinant of the matrix
(Xi,j)i; given by the indeterminates, and define GL,, = D(det), the
principal open subscheme defined by det, as a scheme. This has the
desired T-valued points.

Elliptic curves also are an (interesting!) example, but what we have
done in Part 1 of the lecture is not a full proof that they carry a group
scheme structure (but could be made into one without too much work:
one would have to express the group law that we have constructed on
E(K) for every extension field k' of the base field k in terms of explicit
formulas and use those to show that the multiplication and the rule
mapping each element to its inverse (=negative) are in fact given by
scheme morphisms).

—~
(S}
N—

(1.3) Base change.
References: [GW1] Chapter 4, in particular Sections (4.7)—(4.10).

Given scheme morphisms f: X — S and g: 8" — S, we call the projection

X xg 8 — S’ the morphism obtained from f by base change along g.

This defines a functor from the category of S-schemes to the category of
S’-schemes.

A particularly simple example is the case where g: V' — S is an open
immersion. In that case the base change of f is just the restriction of f to
Y v) = V.

Many properties of scheme morphisms are “stable under base change” in
the following sense: A property P of scheme morphisms is called stable

April 21,
2026
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under base change if for every morphism f: X — Y of S-schemes that has
property P and every scheme morphism S’ — S, the induced morphism
X xgS8" =Y xg 5" also has property P.

Given a property P, to check that it is stable under base change, it is
enough to check that whenever f: X — S has the property, and g: S — S is
a scheme morphism, then X xg.5" — S’ also has the property. In fact, this is
clearly a special case of the above definition (namely the case where Y = 5).
On the other hand, suppose this special case is true and f: X — Y is any
morphism of S-schemes. Identifying X xg 5" = X xy (Y xg S’) using the
rules of “computations with fiber products” (Lemma , the base change
X xgS" — Y xgS"is identified with the projection X xy (Y xgS") = Y xg5".
Applying the special case to X — Y and the base change Y xg S’ =Y, we
obtain that X xg 5" = X Xy (Y xg5") =Y xg 5 has property P.

Proposition 1.10. The following properties of scheme morphisms are
stable under base change: Being ..

(1) an isomorphism,

(2) an open immersion,

(3) a closed immersion,

(4) an immersion,

(5) surjective,

(6) ...most of the properties of scheme morphisms that we will get to know
later in the course ...

6

A notable exception is the property of being injective: Can you find an
example of an injective morphism X — S of schemes and a morphism S’ — S
such that the base change X xg S’ — S’ is not injective?

All the properties in the above list, and also being injective, are stable
under composition, i.e., if two composable morphisms both have the property,
then so does the composition.

Example 1.11.
(1) If R — R’ is a ring homomorphism, then A% ®p R’ := A% XgpecR
Spec R' = A%,. In view of this we define, for an arbitrary scheme S,
g* = A% XSpecZ S.
(2) If R — R is a ring homomorphism, then P} ®r R’ := P} XgpecR
Spec R' = P},. In view of this we define, for an arbitrary scheme S,
g« = [P% XSpecZ S.

Remark 1.12. Recall the notion of separated morphism: Y — S is called
separated, if the diagonal morphism A: Y — Y xgVY is a closed immersion
(it is always an immersion, and the question really is whether the topological
image is a closed subspace). This is a scheme-theoretic analogue of the
Hausdorff property of topolgical spaces.

As an application of the above we obtain the following. Let Y — S be
separated and let f: X — Y be any morphism. Then the graph I'y: X —
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X XgY is a closed immersion, because being a closed immersion is stable
under base change and because of the cartesian diagram in Lemma (4).

Proper morphisms.

(1.4) Proper maps between topological spaces.

References: [Bou-TG| Ch. | §10, [Stacks| Section 005M.

Most schemes that we have encountered so far (in particular, all affine
schemes, projective space over any ring, subschemes V., (I) of projective
space over a ring, ..) are quasi-compact. On the other hand, from a geo-
metric point of view, e.g., the affine line (or higher-dimensional affine space)
“should not be viewed” as a compact space. The notion of properness is a
suitable replacement in algebraic geometry for the notion of compactness in
topology /differential geometry.

Similarly as separatedness, we will define properness in terms of fiber
products of schemes, starting from a characterization of quasi-compact
topological spaces, given by the notion of proper map between continuous
spaces, which we discuss below as a motivation for the definition of proper
scheme morphisms. The purpose of motivation aside, the rest of this section
plays no role in the course.

Note that fiber products in the category of topological spaces exist. In fact,
for continous maps X — S, Y — 5, the set-theoretic fiber product X xg VY,
equipped with the subspace topology for the inclusion X xgY C X xY
(where the right hand side carries the product topology) is easily seen to
satisfy the required universal property.

Recall that a continous map f: X x Y is closed, if for every closed subset
C C X, the image f(C) CY is closed.

Definition 1.13.

(1) We call a continuous map f: X — Y universally closed, if for every
continuous map Z — 'Y, the “base change” of f along Z — Y, i.e., the
induced map X Xy Z — Z, is closed.

(2) We call a continuous map f: X — Y Bourbaki-proper, if for every
topological space Z, the induced map f X idz: X x Z =Y X Z is closed.

Proposition 1.14. Let f: X — Y be a continuous map. The following

properties are equivalent.

(i) f is universally closed,

(ii) f is Bourbaki-proper,

(iii) f is closed and for every y € Y the fiber f~1(y) is quasi-compact.

(iv) f is closed and for every quasi-compact subset K CY, the inverse image
f~H(K) is quasi-compact.

See |Stacks| Theorem OO5R.
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(1.5) Morphisms of finite type.
References: [GWI] Sections (10.1), (10.2).

To define proper morphisms of schemes in the following section, we also
need the following ingredients.

Definition 1.15. A morphism f: X — Y is called quasi-compact, if for
every quasi-compact open V C'Y the inverse image f_l(V) 18 quasi-compact.

Lemma 1.16. Let f: X — Y be a morphism of schemes. The following

are equivalent.

(i) The morphism f is quasi-compact.

(ii) For every affine open subscheme V C Y, the inverse image f~*(V) is
quasi-compact.

(iii) There exists a cover' Y =J; Vi by affine open subschemes such that for
every i the inverse image ffl(V;) 18 quasi-compact.

Note that in part (iii) of the lemma it is important to consider a cover by
affine open subschemes.

Recall that an algebra B over a ring A is called of finite type (or equiv-
alently, finitely generated) if there exists n > 0 and a surjective A-algebra
homomorphism A[X,...,X,] = B. We then also say that the ring homo-
morphism A — B is of finite type. For example, if R is any ring, f € R, then
the homomorphism R — Ry is of finite type, since Ry = R[X|/(fX —1).
(On the other hand, if p C R is a prime ideal, then the homomorphism
R — R, typically is not of finite type.) If A — B and B — C are ring
homomorphisms of finite type, then the composition A — C' is also of finite

type.

Definition 1.17.

(1) A morphism f: X — Y of schemes is called locally of finite type (or: X
is called a Y -scheme locally of finite type, of locally of finite type over
Y ), if for every affine open subscheme V- CY and every open subscheme
U C f~Y(V), the ring homomorphism T'(V, Oy) — T(U, O ) induced by
the restriction U — V of f makes T'(U, Ox) a I'(V, Oy )-algebra of finite
type.

(2) A morphism f: X — Y of schemes is called of finite type (or: X is
called a Y -scheme of finite type, or of finite type over Y ), if f is locally
of finite type and quasi-compact.

Lemma 1.18. Let f: X — Y be a morphism of schemes. The following

are equivalent.

(i) The morphism f is locally of finite type.

(ii) There exist a cover Y =J; Vi by affine open subschemes, and for each i
a cover f~H(V;) = Uj Ui; by affine open subschemes such that for all i, j
the I'(V;, Oy )-algebra I'(U;j, Ox) is of finite type.
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Proof. This kind of statement holds for many interesting properties of mor-
phisms of schemes. While the proof does not use any difficult input, it is quite
long; but it nicely illustrates how to work with schemes and to eventually
reduce scheme-theoretic statements to commutative algebra.

Step 1. We first show that without loss of generality, we may assume
V =Y. In fact, if Dy;(s) C V; is a principal open subset, then f~1(Dy,(s)) =
U; Du; (s;), where s; € I'(Usj, Ox) is the image of s, and the I'(Dy;(s), Oy )-
algebra I'(Dy, (s;), Ox) is of finite type. Thus replacing the V; by suitable
principal open subsets, we may assume that V' is a union of some of the V;,
and can thus replace Y by V. Moreover, we may choose these principal opens
in V; so that at the same time they are principal open in V' (Lemma m
below), so we may assume in addition that each V; is principal open in Y.

Step 2. We may replace U;; by a cover by principal opens, and thus assume
that U is covered by some of the U;;. Moreover, as in Step 1 we may choose
these principal opens in U;; so that at the same time they are principal open
in U. We may therefore assume, without loss of generality, that U = X and
that every U;; is principal open in X.

Step 3. We now have the following situation: X — Y is a morphism of
affine schemes, say corresponding to a ring homomorphism A — B. We
want to show that A — B is of finite type. We have a covering Y = (JV;
by principal open subsets (which we may assume to be finite, since Y is
quasi-compact), and coverings f~1(V;) = U; Uij (which likewise we may
assume to be finite) by principal opens of X, such that the homomorphism
I'(Vi, 0y) — T'(Ui;, Ox) is of finite type. Since I'(V, Oy) — I'(V;, Oy) is
also of finite type and this property is stable under composition, we also
have that I'(V, Oy ) — I'(U;j, Ox) is of finite type. We may therefore “forget
about the V;” and simply apply Lemma to A — B and the cover
Spec(B) = U, ; Ui;- O

In the proof we have used the following lemmas.

Lemma 1.19. Let X be a scheme, x € X, and U, V affine open subschemes
of X which both contain x. Then there exists an open neighborhood W C UNV
of x which is principal open both in U and in V.

Proof. One easily checks that a principal open in a principal open of some
affine scheme U is principal open in U. Thus after replacing U by a suitable
principal open, we may assume U C V. Now let s € I'(V, Ox) such that
Dy (s) CUNV. This has the desired property since Dy (s) = Dy(sjy). (By
assumption, Dy (s) C U, and we can check whether a point of U lies in this
set by checking whether the image of s in the residue class field is # 0, and
the residue class field does not depend on whether we compute it inside U
or V.) O

Lemma 1.20. Let A — B be a ring homomorphism, and let by,...,b, € B
be a family of elements which generates the unit ideal and such that for every
i the homomorphism A — By, is of finite type. Then A — B is of finite type.
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Proof. For each i let <Z,Z,j]> be a finite system of generators of B, as an A-
)

algebra, where ¢;; € B. Write 1 =) a;b;. Let B’ C B be the A-subalgebra

generated by all b;, all a; and all ¢;;. We will show that B’ = B, thus

proving the lemma. So let b € B. Its image in each B, can be written

as a polynomial expression in the ;ﬁg. with coefficients in A, and clearing

denominators, we find N > 0 such that bb € B’. We may assume that the
same N works for every 7. Since B’ contains the elements a;, the b; generate
the unit ideal in B’, so the same is true for the bfv . Therefore the above
implies that b € B’, as desired. O

Each of the properties of being locally of finite type, quasi-compact, and of
finite type is stable under composition and under base change.

(1.6) Proper morphisms.

References: [GW1] Section (12.13); [H] I1.4; [Mu] 11.7.

Definition 1.21. Let f: X — Y be a morphism of schemes.

(1) The morphism f is called closed, if for every closed subset Z C X, the
image f(Z) is a closed subset of Y.

(2) The morphism f is called universally closed, if for every morphism
Y'" — Y the base change X xy Y' — Y’ of f along Y’ is a closed
morphism.

(3) The morphism f is called proper, if it is separated, of finite type, and
universally closed.

Example 1.22.

(1) The affine line is not proper. More precisely, let k be a field, let Y =
Spec(k), and let X = Al. Let f: X — Y be the natural morphism.
Then f is separated, of finite type and closed, but (why?) not universally
closed.

(2) Every closed immersion is proper.

(3) The property of being proper is stable under composition and under base
change.

Lemma 1.23.

(1) Let P be a property of morphisms such that P is stable under composition
and under base change and such that every closed immersion satisfies P.
If g: X =Y and f: Y — S are morphisms such that f o g has P and
such that f is separated, then g also satisfies P.

(2) Let S be a scheme, X a proper S-scheme andY a separated S-scheme.
Then every morphism X — 'Y of S-schemes is proper.

Proof. For (1), see Problem 7 on the problem sheets. Part (2) is the special
case of (1), where P is the property of being proper. O
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(1.7) Projective schemes are proper.

Definition 1.24. Let S be a scheme. An S-scheme X is called projective
(we also say that X is projective over S, or that the morphism X — S
is projective), if there exist N > 0 and a closed immersion X < Pg of
S-schemes.

This definition of projective schemes differs slightly from the one in [GW1]
(Definition 13.68, which requires only that the above property holds locally
on S). If S is affine, they coincide, however, and the difference will not
be of any concern for us in this course. See [GWI], Summary 13.71 for a
discussion. The definition given here is the one used in [H] and in [Stacks].

Suppose that S = Spec R is an affine scheme. For any homogeneous
ideal I C R[Xy,...,Xn], V4(I) is a closed subscheme of PY, and hence in
particular a projective S-scheme. The following proposition shows that for
S affine every projective scheme is isomorphic to a scheme of this form.

Proposition 1.25. (Problem 4 / [GWI] Proposition 13.24) Let R be a
ring, n > 0, and let Z C P, be a closed subscheme. Then there exists a
homogeneous ideal I C R[Xy,...,X,] such that Z =2V, (I).

Example 1.26. Let S be a scheme. Then every finite product of projective
S-schemes is projective. To show this, since closed immersions are projective,
it is enough to show that every finite product Pg' xg --- xgP§" of projective
spaces over S is projective, and by induction (and applying the previous
reduction again) it is sufficient to consider the case r = 2. Then one can use
the Segre embedding (Problem 5).

For proving the main theorem of this section, we need the following lemma.

Lemma 1.27. Let R be a ring, n > 0, and let I C (Xo,...,X,) C
R[Xo,...,X,] be a homogeneous ideal. Then Vi(I) = 0 if and only if
rad(I) 2 (Xo, ..., Xn).

Proof. 1t is easy to see that Vi (I) = 0, if (Xo,...,X,) C rad(I), either
by showing that V. (I) then has no K-valued points for any field K, or by
looking at the standard charts.

For the converse, fix i € {0,...,n}. Now Vi (I)N Dy (X;) = 0 implies that

the ideal (in R [))%, ey %}) generated by all f/XZ-deg(f), f € I homogeneous,

contains 1. Writing this out and multiplying by a sufficiently high power of
X;, we see that X; € rad(I). O

In addition, we will use the following commutative algebra lemma which
is easily proved using the definitions of the localizations appearing in the
lemma. (We will later generalize the lemma when we prove that given an
Ox-module .Z of finite type on a locally ringed space X, the support of %,
i.e., the set of all points = such that the stalk .%, does not vanish, is closed.
See Proposition )

April 28,
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Lemma 1.28. Let R be a ring, let p C R be a prime ideal and let M be a
finitely generated R-module. If the localization M, vanishes, then there exists
s € R\ p such that already the localization My is zero.

Theorem 1.29. ([GWI1] Theorem 13.40) Ewvery projective morphism of
schemes is proper.

Sketch of proof. Since closed immersions are proper, it is enough to prove
that projective space is proper, i.e., that for every scheme S the morphism
P’y — S is closed. Since this property can be checked locally on S, we may
assume that S = Spec R is affine.

If Z C IP§ is a closed subset, there exists a closed subscheme with underlying
topological space Z, and hence (Proposition a homogeneous ideal
I C R[Xy,...,X,] such that Vi (I) has underlying topological space Z. We
need to show that the image of V4. (I) in S is closed, or equivalently, that its
complement U C S is open.

Denote by f the composition Vi (I) — P§ — S, and let x € U. Then
the scheme-theoretic fiber f~1(x) = V, (I) xy Spec k(z) is empty. We want
to show that there exists s € R such that + € D(s) C U. The inclu-
sion D(s) C U amounts to saying that f~1(D(s)) = 0. To translate the
problem into a commutative algebra statement, let I be the image of I in
k(x)[Xo, ..., Xp]. It follows from the assumption f~1(x) = () and Lemmam
that rad(I) contains the ideal (Xo, ..., X,) (C &(x)[Xo, ..., Xy,]). Thus for
d sufficiently large, for the degree d components we have I; = (Xo, ..., X,)4.
By the lemma of Nakayama, we obtain Iy ® Os, = (Xo,...,Xn)a C
0s,2[Xo, ..., Xy). It then follows that the analogous equality holds already
over the localization of R with respect to a suitable element s not contained
in the prime ideal x. ([l

Remark 1.30. It may be illustrative to study what goes wrong when
applying the above argument to “prove” that the morphism A% — A,lg (for a
field k) is closed (which we know is false, consider for instance the image of
the hyperbola V(ST — 1). The point is that for an ideal I C K[S,T] and
a point ¢ € AL, if the fiber over t is empty, i.e., the image of I in x(t)[S, T
generates the unit ideal, we cannot conclude that the same holds over ﬁAi i+
The Lemma of Nakayama does not apply since the modules we need to
compare (I @ Op1y C Oy +[S] are not finitely generated over the local ring

ﬁAl,t'

Example 1.31. (The resultant of polynomials) Let k& be an algebraically
closed field (with some “obvious” adaptations, the results below hold over
an arbitrary field). Let m,n € N. We identify the set A of pairs (f,g) of
monic polynomials with the set of k-valued points of the affine space AZH” =
Speck[So, ..., Sm—1,T0, ..., Tn—1], where a tuple (s;,t;) € k™" = AZ"”‘(k)
corresponds to (Xm + 51 X 0, Xty X to).
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Viewing A as the set of closed points of AZH", A is equipped with a
topology, namely the topology induced by the Zariski topology.

Let Z C A be the subset consisting of those pairs (f, g) such that f and g
have a common zero in k. Write R = k[So, ..., Sm-1,70,-- -, Tn-1].

Claim. The set Z is a closed subset.
Proof of claim. Let
F=X"+8, X"+ + 59X+ S,
G=X"+T, 1 X" "+ .. -+ T4 X + Ty € R[X]
be the “universal” monic polynomials, and let
F=X"4 S 1 X" Y +... 4+ 5, XY™ 4 5y™,
G=X"+T, 1\ X" 'Y +.. 4+ T1XY" ' + T,Y" € R[X,Y]
be their homogenizations with respect to a second variable Y.

Let p: IP’}?( — Spec R be the projection. Then Z = p(V(F,G)) N A. By
the above theorem, p(Vy (F,G)) is closed in A}**", hence the claim follows.
To see the equality, fix = (f,g) € A and let f, g be their homogenizations.
Then f and g have a common zero in k if and only if V,.(f,g) # 0 (inside
P,i(x)). 1~\Tote that the poi~nt (1:0), ‘Ehe~ “point at infinity” in P! is never a
zero of f or g. Since V4.(f,q) = Vi (F, G) Xgpec R SPec k(z) can be identified
with the (scheme-theoretic) fiber of p over the point z, this proves the desired
description of Z.

More precisely one can show (using other methods) that Z is the zero
locus of a single polynomial in R, the so-called resultant of a pair of monic
polynomials. See [GW1] Section (B.20) for a sketch and further references,
or [Bo] Abschnitt 4.4 for a detailed account in German.
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2. Ox-MODULES

General references: [GW1] Ch. 7, [H] II.5.

Definition and basic properties.

(2.1) Definition of 0x-modules.

Definition 2.1. Let (X, Ox) be a ringed space. An Ox-module is a sheaf
F of abelian groups on X together with maps

Ox(U)x F(U)— Z(U) for each open U C X

giving each F (U) the structure of an Ox (U)-module, and which are compatible
with the restriction maps for open subsets U' C U C X.

An Ox-module homomorphism F — 4 between Ox-modules F, 9 on X
is a sheaf morphism % — 4 such that for all open subsets U C X, the map
F(U) = 94U) is a homomorphism of Ox(U)-modules. We denote the set
of Ox-module homomorphisms from % to 9 by Homg, (F,9); this is an
Ox (X)-module (and in particular an abelian group).

We obtain the category (0x-Mod) of &x-modules.

Remark 2.2. If % is an Ox-module and x € X, then the stalk %, carries
a natural Oy ;-module structure and we obtain a functor from the category
of Ox-modules to the category of Ox ,-modules. Now assume that X is a
locally ringed space. The x(z)-vector space F (z) := F; Ry, k() is called
the fiber of # over x. So an Ox-module on a locally ringed space gives us a
family of vector spaces over the residue class fields.

Constructions, examples 2.3. Let X be a ringed space.

(1) The zero sheaf and the structure sheaf &y are &x-modules in a natural
way.

(2) There is an obvious notion of @x-module presheaf. (In the definition
of Ox-module, replace sheaf by presheaf.) Let .# be a presheaf of O'x-
modules. The multiplication by scalars is a bilinear map Ox x F — %
of presheaves of abelian groups with certain further properties. Since
sheafification is a functor and is compatible with finite products, we
obtain a natural &x-module structure on the sheafification of .%. This
allows us to carry over most constructions we know for modules over
rings to the setting of &'x-modules: First define a presheaf version, then,
if necessary, pass to the sheafification.

(3) Given an Ox-module %, an Ox-submodule of .% is an Ox-module ¥
such that for every U C X open, 9(U) C . (U) is an Ox (U)-submodule.
The quotient .# /¥ then is defined as the sheafification of the presheaf
U— Z(U)/9(U). It is an Ox-module in a natural way by (2).
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(4) We can construct direct sums €, direct products [] (each with arbitrary
index sets), tensor products of &'x-modules and limits and colimits of
O'x-modules, by doing the corresponding presheaf construction and then
sheafifying (if necessary; for products, hence also for direct sums, and
limits, the corresponding presheaf is already a sheaf).

(5) Similarly we can construct kernels, cokernels and image sheaves of ho-
momorphism of &x-modules. These are compatible with passing to the
stalks, and we obtain a notion of exact sequence of &x-modules (see
below).

(6) Restriction to open subsets: For .# an Ox-modules and U C X open,
the restriction Fx |y is naturally an Ox|y-module.

(7) The Hom sheaf #om e, (F,%), defined by U — Homg, (F |, 9y) (this
is a sheaf, by “gluing of morphisms of sheaves”). For an &'x-module .#
we define the dual FV = Homg, (F,Ox).

(8) Tensor product .# ®g, ¢, the sheafification of the presheaf U
F(U) ®gyy9(U). This is compatible with passing to stalks, i.e.,
we have

(ﬁ\ ®ﬁx g)a} = tg\X,x ®ﬁX,z gx’
because tensor product commutes with colimits.

Note that taking products and the J#om sheaf is not compatible with
passing to the stalks in general. But compare Proposition Problem 7.)

Definition 2.4. Let X be a ringed space.

(1) A homomorphism F — &4 of Ox-modules is called injective, if for every
x € X, the induced map F, — 9, is injective.

(2) A homomorphism # — 94 of Ox-modules is called surjective, if for every
x € X, the induced map %, — 9, is bijective.

(3) A sequence F' — F — F" of homomorphisms of Ox-modules is exact
at F if for all x € X the sequence F) — F, — F) is exact.

T

We have seen in Algebraic Geometry 1 that a homomorphism is an isomor-
phism if and only if it is injective and surjective; and also that a homomor-
phism .7 — ¢ is injective if and only if for all open subsets U C X, the map
F(U) — ¢4 (U) is injective, but that the analogous equivalence for surjective
does not hold (requiring that all % (U) — ¢ (U) are surjective implies that
F — ¢ is surjective, but is much stronger).

Since taking kernels and images is compatible with passing to stalks (i.e.,
the stalks of the kernel are the kernels of the homomorphisms induced on

stalks, etc.) a sequence .7’ Iy 7 % Z" s exact at Z if and only if
ker(g) = im().

The category of Ox-modules is an abelian category.

An important class of examples of &'x-modules are locally free O'x-modules.

Definition 2.5. Let.% be an Ox-module on a ringed space X. Call F

(a) free, if it is isomorphic to ﬁ’)((]) = @,;c; Ox for some set I,

May 6,
2026
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(b) locally free, if there exists an open covering X = Uj U; of X such that
Fu, 1s a free Oy;-module for each j.
For X # () the rank of a free Ox-module is the cardinality of I as above (we
usually regard it in Z U {oo}, without making a distinction between infinite
cardinals). It is determined by % . The rank of a locally free Ox-module
is a function X — Z U {oo} which is locally constant on X (i.e., on each
connected component of X, there is an integer giving the rank).
An invertible sheaf or line bundle on X is a locally free sheaf of rank 1.

For . invertible, there is a natural isomorphism £ ®g, .ZY = Ox (whence
the name). (In fact, there is a natural homomorphism .Z ®g, £¥ — Ox
(this holds for any @’x-module), and we can check locally on X that it is an
isomorphism. But then we may assume that .Z = O, and the assertion is
clear.) Hence ® induces the structure of a commutative group on the set
of isomorphism classes of invertible sheaves in X (with neutral element the
isomorphism class of the structure sheaf, also called the trivial line bundle).
The resulting group is called the Picard group of X and denoted by Pic(X).

(2.2) Inverse image.

Definition 2.6. Let f: X — Y be a morphism of ringed spaces, and let F
be an Ox-module. Then f+F carries a natural Oy -module structure and is
called the direct image or push-forward of .% under f.

Definition 2.7. Let f: X — Y be a morphism of ringed spaces, F an
Oy -module.
We define

7= f_lﬂ ®r-10y Ox.

We obtain functors f,, f* between the categories of Ox-modules and
Oy-modules.

For z € X, we have (f*F), & F) ®oy ) Ox- Since f~1is exact,
this shows that f* is right exact. Recall also that f, is left exact (on
abelian sheaves, hence on Ox-modules). It is also immediate to check

that for morphisms X i> Y 4 Z of ringed spaces, there is an equality
(go f)x = g« o f« of functors. With a bit of work one can check that likewise,
there is an isomorphism (g o f)* = f* o g* of functors. This also follows
formally from the adjunction between f* and f,.

Proposition 2.8. Let f: X — Y be a morphism of ringed spaces. The
functors fi is right adjoint to the functor f*:

Homg, (f*Y, #) = Homg, (Y, f+F)
for all Ox-modules F, all Oy -modules &, functorially in % and 9.
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Sketch of proof. We know already that for homomorphisms of abelian sheaves
we have Hom(f~'¥,.7) = Hom(¥, f..#). This isomorphism restricts to an
isomorphism Homf_wy(f_l%, F) = Homg,, (¥4, f«#). On the other hand,
similarly as for modules of rings, there are isomorphisms

Hom-1p, (f'¢, ) = Homg, (f 'Y @14, Ox,F),
functorial in .% and ¥. O

Quasi-coherent x-modules.

(2.3) The Ospec s-module attached to an A-module M.

May 12,

Definition 2.9. Let A be a ring and M an A-module. Then setting 2026

D(f)Hva fGA,

is well-defined and defines a sheaf on the basis of principal open sets in Spec A.
We denote the corresponding sheaf on Spec A by M. It is an Ospec aA-module
(by viewing each My as an Ag-module in the natural way).

Proving that the presheaf on the basis of principal opens is in fact a sheaf
works in exactly the same way as for the structure sheaf of Spec(A). Similarly,

the same proof as for the structure sheaf shows that the stalk of M at a
point p € Spec A is the localization M, = {m meDM, se€ A\ p} (where

50
fractions " are to be understood as equivalence classes in the usual way).
We may also identify M, = M ®4 A,.
Taking M = A, we obtain A = Ogpec(4)-
Remark 2.10. For an affine scheme X, in general not every &'x-module
has the above form. We will investigate this more closely soon.

Proposition 2.11. Let A be a ring, and let M, N be A-modules. Then the
maps
Hom (M, N) — Homgg_,. , (M, N)
given by
(p'—)@:: ((pf: Mf—}Nf)f
and, in the other direction,
® — I'(Spec A, @),
are inverse to each other. In other words, ~ is a fully faithful functor from

the category of A-modules to the category of Ospec aA-modules.

Proof. 1t is clear that I'(Spec(A), ¢) = ¢. On the other hand, starting with
® and defining ¢ := I'(Spec(A), @), for any f € A we consider the diagram
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M —*2 5N

Lo

Mf e Nf.

This is commutative with lower horizontal homomorphism ¢ by functori-
ality of localization, but also with lower horizontal homomorphism ®(D(f)),
since ® is a morphism of sheaves. But the upper horizontal homomorphism
determines the lower one uniquely, so it follows that ®(D(f)) = ¢y, as
desired. O

By applying the proposition to M = A, we also see that for an A-module
N, N is zero if and only if N is zero.

The construction M s M is compatible with exactness, kernels, cokernels,
images, direct sums, filtered inductive limits. More precisely:

Proposition 2.12. Let A be a ring, X = Spec(A).

(1) Let M' - M — M" be a sequence of A-modules. The sequence is ezact
at M if and only if the sequence M' — M — M" is ezact at M.

(2) Let f: M — N be a homomorphism of A-modules, and let f be the
associated homomorphism of Ox-modules. Then ker(f)™ = ker(f),
im(f)~ = im(f), coker(f)~ = coker(f). In particular, [ is injective
(or surjective, respectively) if and only f is injective (surjective).

(3) The functor™~ commutes with taking direct sums and colimits.

Proof. For Part (1) use that the exactness of M' — M — M" is equivalent
to the exactness of M, — M, — M,/ for all p € Spec(A) (in fact, localization
is an exact functor; and to go back one reduces to the statement that M =0
if and only if all the localizations M, = 0, p € Spec(A).

Part (2) follows from (1). Part (3) follows from the compatibility of direct
sums and colimits with localizations. O

(2.4) Quasi-coherent modules.

Recall our notation ) .= @, , 7

Definition 2.13. Let X be a ringed space. An Ox-module % is called
quasi-coherent, if every x € X has an open neighborhood U such that there
exists an exract sequence

ﬁ(UJ) — ﬁg) = Fuy —0
for suitable (possibly infinite) index sets I, J.
For a morphism f: X — Y of ringed spaces and a quasi-coherent Oy-
module ¢, the pull-back f*% is a quasi-coherent ¢'x-module (since f~! is

exact and tensor product is a right exact functor). The direct image f.
preserves the property of quasi-coherence (only) under certain conditions.
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Locally free Ox-modules are quasi-coherent.

Clearly, for a ring A and an A-module M, M is a quasi-coherent Ogpec A-
module. We will see below that the converse is true as well:

For a ringed space X and f € I'(X, Ox), we write X; :={z € X; f; €
0 )X< »}> an open subset of X. We obtain a homomorphism

LX, 7)) = T(Xy, 7)
for every Ox-module .%.

Theorem 2.14. Let X be a scheme and % an Ox-module. The following

are equivalent:

(i) For every affine open Spec A = U C X, there exists an A-module M such
that Fjiy = M.

(ii) There exists a covering X = |J, U; by affine open subschemes U; = Spec A;
and A;-modules M; such that ‘%Ui ~ ]\7[/1 for all 1.

(iii) The Ox-module .F is quasi-coherent.

(iv) For every affine open Spec A =U C X and every f € A, the homomor-
phism (U, F) ; — L(D(f), F) is an isomorphism.

Note that we can phrase (iv) equivalently as saying that the natural map
LU, #)~ — Zy is an isomorphism.

Sketch of proof. The implications (iv) = (i) = (ii) = (iii) are relatively easy.
To show (iii) = (iv), we may assume X = U = Spec A and we can cover
X by finitely many principal open subsets D(g;) such that #|p(,,) is the
cokernel of a homomorphism of free modules and hence (Proposition m
Proposition } is of the form M;. In particular, (iv) holds for .%|p(,,), and
similarly for % p(g, g;)- Now use the sheaf property of .%, and that localization
is exact and commutes with finite products, to conclude that (iv) holds for
U itself. ]

Corollary 2.15. Let A be a ring, X = Spec A. The functor™ induces an
exact equivalence between the categories of A-modules and of quasi-coherent
Ox -modules.

The statements of the following corollary can be checked locally on X,
hence it is enough to show the corresponding claims for modules in the image
of the ~ functor. For Part (3) use that tensor product is compatible with
localization.

Corollary 2.16. Let X be a scheme.

(1) Kernels, cokernels, images of Ox-module homomorphisms between quasi-
coherent Ox-modules are quasi-coherent.

(2) Direct sums of quasi-coherent Ox-modules are quasi-coherent.

(3) Let F, 9 be quasi-coherent Ox-module. Then F ® ¢, 9 is quasi-coherent,
and for every affine open U C X we have

(U, 7 ®%) =T, Z)0(U,9).
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In particular, by (1) and (2) the category of quasi-coherent Ox-module is an
abelian category, and the inclusion functor into the category of all O'x -modules
preserves kernels and cokernels and direct sums.

(2.5) Direct and inverse image of quasi-coherent ¢x-module.

Proposition 2.17. Let X = Spec B, Y = Spec A be affine schemes, and let

f: X =Y be a scheme morphism. -

(1) Let N be an B-module, then f*(]\Nf) = Na) where N4 is N, considered
as an A-module via T'(f): A — B.

(2) Let M be an A-module, then f*(]\?) = Mi@)\A/B.

Sketch of proof. The first part can easily be checked directly. For the second
part, use that we already know that f*M is quasi-coherent, the Yoneda

lemma and adjunction (or in other words, uniqueness of the left adjoint
functor of f). O

(2.6) Finiteness conditions.

Definition 2.18. Let X be a ringed space. We say that an Ox-module F
is of finite type (or of finite presentation, resp.), if every x € X has an open
neighborhood U C X such that there exists n >0 (or m,n >0, resp.) and a
short exact sequence
0% - F =0

(or

oy — 0% —.F — 0,
resp. ).

On an affine scheme, this coincides with the corresponding definitions
in terms of modules (via M +— M). Note that every &x-module of finite
presentation is quasi-coherent.

Proposition 2.19. Let X be a ringed space and let F be an Ox-module of

finite presentation.

(1) For all z € X and for each Ox-module 4, the canonical homomorphism
of Ox z-modules

Home (F,9), — Homey (Fz, )
is bijective.
(2) Let F and 9 be Ox-modules of finite presentation. Let x € X be a point
and let 0: F, = 9, be an isomorphism of Ox z-modules. Then there

ezists an open neighborhood U of x and an isomorphism u: F |y = Y\
of Oy-modules with u, = 0.
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Proof. Problem 7. O

Proposition 2.20. Let X be a ringed space, and let F be an Ox-module of
finite type. Then the support

Supp(#) ={z € X; F, # 0}
of F is a closed subset of X.

(2.7) Closed subschemes and quasi-coherent ideal sheaves.

Proposition 2.21. Let X be a scheme. An ideal sheaf & C Ox defines a
closed subscheme if and only if 7 is a quasi-coherent Ox-module.

The point here is that both properties can be checked locally on X. For
affine schemes we have already shown this statement in Algebraic Geometry
1 (which amounts to saying that every closed subscheme of an affine scheme
Spec A has the form Spec A/a for some ideal a C A). However, with the new
tools we can give a direct proof, and as a corollary again get the statement
for affine schemes.

Proof. Let .# be a quasi-coherent ideal sheaf. Then Z := Supp(Ox/.#) is
a closed subset of X and we need to check that the locally ringed space
(Z,i"Y(Ox /7)) is a scheme (where i: Z — X denotes the inclusion map).
This can be done locally on X, so we may assume that X = Spec(A) is affine,
and hence that .# is of the form a for some ideal a C A. But then we may
identify (Z,i~!(0x/.#)) with Spec(A/a) which obviously is a scheme.

Conversely, let i: Z — X be a closed immersion with corresponding ideal
sheaf & = Ker(Ox — i.0z), and let us show that .# is quasi-coherent.
Again we may work locally on X, i.e., we may assume that X = Spec(A) is
an affine scheme. Moreover, we may also assume that Z is affine. In fact,
since Z is a scheme, we find an open cover X = |JU; of X such that all
Z NUj; are affine. At this point we do not know whether the U; are affine but
if D(f) C Uy C X is a principal open in X, then ZN D(f) is a principal open
in Z N U, so also affine. Thus passing to a refinement of the original cover,
if necessary, we find an affine open cover X = |JU; such that all Z N U; are
affine.

So now consider the situation that X and Z are both affine. But then
i: Z — X is a morphism of affine schemes, and since 0z is a quasi-coherent

Oz-module, the direct image i, 0y is a quasi-coherent ¢'x-module by Propo-
sition So . = ker(Ox — i,07) is quasi-coherent, as well. O

Corollary 2.22. Let X = Spec(A) be an affine scheme and Z C X a closed
subscheme. Then Z = Spec(A/a) for some ideal a C A.

We hence obtain an inclusion-reversing bijection between the set of closed
subschemes of a scheme X and the set of quasi-coherent ideal sheaves in O,

mapping
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e a quasi-coherent ideal sheaf .# to Z := (Supp(Ox/.7),i " (Ox /%)),
where i: Supp(€@x/.#) — X denotes the inclusion,

e a closed subscheme Z C X to Ker(Ox — i.0z), where i: Z — X
denotes the inclusion morphism.

We denote the closed subscheme corresponding to a quasi-coherent ideal
sheaf .# by V(.9).

(2.8) Locally free sheaves on affine schemes.

There is an obvious “commutative algebra way” of writing down, for an
A-module M, the condition that M is locally free.

Theorem 2.23. Let A be a ring and M an A-module. Consider the following

properties of M :

(i) M is a locally free Ogpec A-module.

(ii) M is locally free, i.e., there exist fi,..., fn € A generating the unit ideal
such that for all i, the Ay,-module My, is free.

(iii) For all p € Spec A, the Ap-module M, is free.

(iv) The A-module M is flat.

(1) We have the implications (i) < (i) = (iii) = (iv).

(2) If M is an A-module of finite presentation, then all the four properties
are equivalent.

Proof. Part (1) is easy. Part (2) is more difficult. The implication (iii) =
(ii), for finitely presented M, follows from Prop. See [GW1] Prop. 7.40.

There are several ways to show (iv) = (iii). One can proceed in a fairly
elementary fashion, using the “equational criterion of flatness”, see [M2]
Theorem 7.10, Theorem 7.12. Alternatively, using the Tor functor (the “left
derived functor of the tensor product”), one can proceed as follows. We may
assume that A is local with maximal ideal m. Lift the elements of an A/m-
basis of M /mM to M. By the Lemma of Nakayama this induces a surjection
A™ — M. Let K denote its kernel. We want to show that K = 0. Since M is
of finite presentation, K is a finitely generated A-module ([M2] Theorem 2.6).
Furthermore, the flatness of M implies that Tor{'(A/m, M) = 0. Therefore
the short exact sequence

00— K —A"— M —0

remains exact after tensoring — ®4 A/m. Since by construction the homo-
morphism A™ — M becomes an isomorphism after tensoring with the residue
class field, this shows that K ® 4 A/m. Applying the Lemma of Nakayama
again, we obtain that K = 0, as desired. O

There is an obvious analogous theorem for 'x-modules on a scheme X,
where we define
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Definition 2.24. Let X be a scheme. An Ox-module % is called flat, if
for all x € X the stalk F, is a flat Ox ,-module.

More generally, given an Ox-module ¥ and a morphism f: X =Y we
say that F is f-flat or flat over Y, if for all x € X the stalk F, is a flat
Oy, §(z)-module (via ff;: Oy f(z) = Oxz)-

If A is a domain, then every flat A-module M is torsion-free (i.e., multipli-
cation by s is injective for all s € A\ {0}). The converse holds only rarely;
it does hold if A is a principal ideal domain and M is finitely generated.

Remark 2.25.

(1) Let A be a principal ideal domain. Then every finitely generated locally
free (in the sense of condition (') in the theorem) A-module is free. (Use
the structure theorem for finitely generated modules over principal ideal
domains.)

(2) It is a difficult theorem (conjectured by Serre, proved independently by
Quillen and Suslin) that every locally free sheaf of finite type on A}, k a
field, is free. The same statement holds even for k a discrete valuation
ring.

(3) It will not be relevant in the course, but in fact in the previous two items
the hypothesis of finite type can be omitted. In fact, whenever R is a
ring which is noetherian and such that Spec R is connected, then every
locally free R-module which is not finitely generated is free. One way
to show this is to combine the paper [Ba] by H. Bass with the difficult
theorem that the property of a module of being “projective” can be
checked Zariski-locally on Spec A ([Stacks] 058B), which shows that all
locally free R-modules, finitely generated or not, are projective. Maybe
there is also a more direct way, without talking about projective modules?

(4) On the other hand, even for an affine scheme X, a locally free &'x-module
is usually not a projective object in the category (Ox-Mod).

(5) Let A be a noetherian unique factorization domain. Then every invertible
sheaf on Spec A is free.

(6) See the answers to this question (mathoverflow.net/q/54356E|) for ex-
amples of non-free locally free modules over Spec A for factorial (and
even, in addition, regular) noetherian rings A.

(7) Let A be a domain, and let M be a locally free A-module of rank 1.
Then M is isomorphic to a fractional ideal, i.e., to a finitely generated
sub-A-module of K := Frac(A). (Cf. Problem 8 for a converse statement
in the case that A is a Dedekind domain.)

1 https://mathoverflow.net/q/54356
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3. LINE BUNDLES AND DIVISORS

General references: [GWI1] Ch. 11, in particular (11.9), (11.13); [H] I1.6.

A divisor on a scheme X should be thought of an object that encodes a
“configuration of zeros and poles (with multiplicities)” that a function on X
could have. Below, we will see two ways to make this precise and compare
them.

Let X be an integral (i.e., reduced and irreducible) scheme. We denote by
K (X) the field of rational functions of X.

Later we will impose the additional condition that X is noetherian and
that all local rings Ox , are unique factorization domains.

An important example that is good to keep in mind is the case of a
Dedekind scheme of dimension 1, i.e., X is a noetherian integral scheme
such that all points except for the generic point are closed, and such that
for every closed point x € X the local ring O , is a principal ideal domain
(in other words: all local rings are discrete valuation rings), and the generic
point is not closed itself. If a Dedekind scheme X is a k-scheme of finite type
for some algebraically closed (or at least perfect) field &, then we call X a
smooth algebraic curve over k.

(3.1) Preliminaries.

References: [GWI] Sections (3.10), (3.11).

We start by defining some general notions that will become important in
this chapter.

Recall the definition of a reduced ring;:

Definition 3.1. Let R be a ring. An element x € R is called nilpotent, if
there exists n > 0 such that x™ = 0. The ring R is called reduced, if it has
no nilpotent elements # 0.

Definition/Proposition 3.2. A scheme X is called reduced, if the

following equivalent conditions are satisfied:

(i) For every open U C X, the ring I'(U, Ox) is reduced.

(ii) For every affine open U C X, the ring T'(U, Ox) is reduced.

(iii) There exists an affine open cover X = J; U; such that for every i the
ring I'(U;, Ox) is reduced.

(iv) For every x € X, the ring Ox 5 is reduced.

Every domain is reduced, but not conversely. More precisely, a reduced ring
R is a domain if and only if it has a unique minimal prime ideal (necessarily
the zero ideal), if and only if Spec(R) is irreducible. This leads to the notion
of integral scheme, see below. Before we come to it, we discuss irreducibility
and generic points in the context of schemes.
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Definition 3.3. A scheme X 1is called irreducible, if its underlying
topological space is irreducible (i.e., is # () and cannot be written as a union
of two proper closed subsets).

From the corresponding result for affine schemes, we obtain the existence
and uniqueness of generic points.

Proposition 3.4. Let X be a scheme, and let Z C X be an irreducible
closed subset of (the underlying topological space of) X. Then Z has a unique
generic point, i.e., there exists a unique n € Z such that Z = {n}.

Proof. We have shown in Algebraic Geometry 1 that this is true for affine
schemes X. Now let X be any scheme, Z C X an irreducible closed subset,
and U C X an affine open which intersects Z. Then U N Z is dense in Z,
since Z is irreducible. First this implies that U N Z is irreducible. It is clearly
closed in the affine scheme U, and therefore has a generic point 7. Using
again that U N Z is dense in Z, we see that the closure of {n} in Z is all of Z.
Furthermore, all generic points of Z are contained in U N Z, and therefore
coincide by the uniqueness statement in the affine case. [l

For non-irreducible spaces, the following notion is useful:

Definition 3.5. The maximal irreducible subsets of a topological space X
are called the irreducible components of X.

Since the closure of an irreducible subset is again irreducible, irreducible
components are closed. Every irreducible subset is contained in an irreducible
component (use that the union of a chain of irreducible subsets is irreducible
and Zorn’s lemma), so every topological space is the union of its irreducible
components. (Without further finiteness conditions, this notion is however
not very well-behaved.)

Definition/Proposition 3.6. A scheme X is called integral, X # 0 and
if the following equivalent conditions are satisfied:

(i) The scheme X is reduced and irreducible.

(ii) For every non-empty open U C X, the ring T'(U, Ox) is a domain.

(iii) For every non-empty affine open U C X, the ring I'(U, Ox) is a domain.

Proof. By the above discussion, an affine scheme Spec(R) is reduced and
irreducible if and only if R is a domain. If X is a reduced (or irreducible,
respectively) scheme, then so is every non-empty open subscheme. Together
we obtain (i) = (ii). The implication (ii) = (iii) is trivial. Regarding (iii)
= (i), we have already seen that (iii) implies that X is reduced.

It remains to show that (iii) implies that X is irreducible. Otherwise,
there exist non-empty open subsets U, U’ C X with empty intersection. By
shrinking U and U’, if necessary, we may assume that U and U’ are affine
open subschemes. Then U U U’ is a non-irreducible affine open subscheme,
so (U UU’, Ox) is not a domain. O
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If X is an integral scheme, then all the local rings Ox , are domains
(note that the converse does not hold, though; cf. Example (2)). Since
X is irreducible, it has a (unique) generic point n € X. The local ring
K(X) := Ox, is a domain with only one prime ideal, and hence a field,
called the field of rational functions of X.

For example, if k is a field, then K(A}) = k(T), the field of fractions of
the polynomial ring k[T]. This explains the name field of rational functions.

This construction is functorial for dominant maps:

Definition 3.7. A morphism f: X —Y of schemes is called dominant, if
the image of the continuous map f is dense in'Y. If X and Y are irreducible,
it is equivalent to saying that the generic point of X is mapped to the generic
point of Y.

We obtain contravariant functor from the category of integral schemes
with scheme morphisms as morphisms to the category of fields, by mapping

X — K(X)

and mapping a dominant morphism f: X — Y between integral schemes X,
Y with generic points nx, ny, to

K(Y) = ﬁY,ny = ﬁYJ(UX) — ﬁX,UX = K(X)
The homomorphism Oy, ;)
induced by f°: Oy — f.0x.

Definition 3.8.
(1) A topological space is called noetherian, if it satisfies the descending
chain condition for closed subsets, i.e., every chain

ZoD 724D

of closed subsets of X stabilizes (there exists ng such that Z, = Zy, for
alln > ngp).

(2) A scheme X is called locally noetherian, if there exists an affine open
cover X = J; U; such that for every i the ring I'(U;, Ox) is noetherian
(i.e., satisfies the ascending chain condition for ideals; equivalently, every
ideal is finitely generated).

(3) A scheme is called noetherian, if it is locally noetherian and quasi-
compact.

— Ox ny is the homomorphism of local rings

Remark 3.9. See [GW1] Sections (1.7), (3.9) for details.

(1) A topological space X is noetherian if and only if every non-empty set of
closed subsets of X has a minimal element, if and only if every non-empty
set of open subsets of X has a maximal element, if and only if every open
subset is quasi-compact.

(2) A noetherian topological space has only finitely many irreducible compo-
nents. (Otherwise the set of closed subsets that cannot be written as a
finite union of irreducible sets is non-empty and thus contains a minimal

May 20,
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element Z. But then Z is not irreducible, and writing it as a union of
proper closed subsets leads to a contradiction to the minimality.) Using
this, one may show that a connected noetherian scheme X such that for
every z € X the local ring Oy , is a domain, is integral. (One cannot
drop the hypothesis of X being noetherian here, see [Stacks] Example
0568.

(3) Every subspace of a noetherian topological space is noetherian.

(4) If X is a locally noetherian scheme, and U C X affine open, then
I'(U, Ox) is a noetherian ring. In particular, an affine scheme Spec(A) is
noetherian if and only if A is a noetherian ring.

(5) If X is a noetherian scheme, then the underlying topological space is
noetherian. (The converse is not true.)

Definition 3.10.
(1) Let X be a topological space. The (Krull) dimension of X is the supremum
over all £ such that there exists a chain

oGS G- C 4 CX

with Z; C X closed irreducible. (For X =0 we define dim()) = —cc.)
(2) For a scheme X, we define the dimension dim(X) as the dimension of
the underlying topological space.
(3) For a ring A, dim(Spec(A)) is called the (Krull) dimension of the ring
A.

Example 3.11.

(1) Easy: Every field has dimension 0. Every principal ideal domain which
is not a field has dimension 1.

(2) More difficult: If & is a field, then dim(k[T1,...,T;]) = n. Using Noether
normalization, one can then show that more generally, if A is a finitely
generated k-algebra which is a domain, then dim(A) = trdeg(Frac(A)/k),
the transcendence degree of Frac(A) over k (i.e., the minimal d such that
there exist z1,...,xq € Frac(A) such that Frac(A)/k(x1,...,z4) is an
algebraic extension). See [GW1] Section (5.6).

Cartier divisors.
(3.2) Cartier divisors: Definition.

Denote by K(X) = Ox, the field of rational functions on the integral
scheme X, where 7 € X is the generic point. We denote by J#x the constant
sheaf with value K(X), i.e., #x(U) = K(X) for all ) # U C X open. Since
X is irreducible, this is a sheaf.

The notion of Cartier divisor encodes a zero/pole configuration by specify-
ing, locally on X, functions with the desired zeros and poles. Since functions
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which are units in I'(U, Ox ) should be regarded as having no zeros and/or
poles on U, we consider functions only up to units.

Definition 3.12. A Cartier divisor on X is given by a tuple (U;, f;)i, where
X =, Ui is an open cover, f; € K(X)*, and f;/f; e T({U;NUy, Ox)* for
all i,j. Two such tuples (U, fi)i, (Vj,95); give rise to the same divisor, if
fig; P € T(UiNV;, Ox)* for all i, j.

With addition given by
Ui, fi)i + Vi, 95)5 = Ui N Vi, figj)i
the set Div(X) of all Cartier divisors on X is an abelian group.
Remark 3.13. We have Div(X) =T'(X, .2y /0%).

Definition 3.14. A Cartier divisor of the form (X, f), f € K(X)*, is
called a principal divisor. Divisors D, D' on X are called linearly equivalent,
if D — D' is a principal divisor. The set of principal divisors is a subgroup
of Div(X) and the quotient DivCl(X) of Div(X) by this subgroup is called
the divisor class group of X.

(3.3) The line bundle attached to a Cartier divisor.

Let D be a Cartier divisor on X. We define an invertible &'x-module
Ox (D) as follows:

I'U,0x(D)) ={f e K(X);Vi: fif eT(UNU;,Ox)} for®+#U C X open.

For each i, we have Ox(D)y, = f;lﬁUi C Hx, so multiplication by f;
gives an Oy,-module isomorphism Ox (D)y, = Oy;,.

Proposition 3.15. The map D — Op(X) induces group isomorphisms
Div(X) = {&Z C #x invertible Ox-module} and DivCl(X) = Pic(X).

Sketch of proof. To construct an inverse of the map D — Op(X), take
£ C Ky invertible and choose an open cover X = JU; such that Ly, is
trivial for each i. Then necessarily £y, = f;lﬁUi for some f; € K(X)*
(namely, f; ! is the image of 1 € T'(U;, Ox ) under the map T'(U;, Ox) — K(X)
induced by the composition Oy, = Ly, — #x). We then map £ to the
Cartier divisor (Uj, f;);- One checks that this map is well-defined (i.e.,
independent of the choice of cover and of the choice of the elements f;) and
that the two maps are inverse to each other.

It remains to check that &p(X) is free if and only if D is principal (this
follows easily from the definitions) and that every invertible &'x-module .¥
can be embedded as a submodule into .#x. This is easy if X = Spec(A)
is affine: If M is a locally free A-module of rank 1, then M ®4 Frac(A)
is a Frac(A)-vector space of dimension 1 and we obtain the embedding
M — M ®4 Frac(A) = Frac(A). (The map M = M ®4 A — M ®4 Frac(A)



ALGEBRAIC GEOMETRY 2, SS 23 31

is injective since M, being locally free, is a flat A-module.) In the general
case, let U C X be open affine. We claim that every embedding £y — %1
extends uniquely to an embedding . «— #x. Because of the uniqueness, we
can work locally on X (and afterwards use gluing of sheaf homomorphisms),
and therefore restrict to the case £ = Ox. The embedding Oy = Ly — Hu
then corresponds to a section s € T'(U, #y)*. But I'(U, #y) = K(X) =
I'(X, #%), so the claim follows. (See [GW1] Prop. 11.29 for more details
and a variant which does not require X to be integral.) |

To get a more geometric view on divisors, a first step is the following
definition of the support of a divisor. We will carry this further by introducing
the notion of Weil divisor, see below, and relating it to Cartier divisors.

Definition 3.16. The support of a Cartier divisor D is
Supp(D) = {r € X; fi, € K(X)*\ Ox, (where x € U; )},
a proper closed subset of X.

Welil divisors.

(3.4) Normal schemes.

We will now study a different, more geometric, perspective on divisors, namely
the notion of Weil divisor. In order to obtain a better behaved theory we
make the assumption that the scheme X is noetherian, integral and normal
in the sense of the following definition.

Definition 3.17. A scheme X is called normal if all the local rings Ox ,
are integrally closed domains.

Recall that a domain A is called integrally closed, if every element of the
field of fractions of A that is a zero of some monic polynomial with coefficients
in A lies in A. Every unique factorization domain is normal. The property
of being integrally closed is compatible with localizations, therefore we have
(see JAM] Prop. 5.13 for more details):

Lemma 3.18. Let A be a domain. Then Spec(A) is normal if and only if
A is integrally closed.

For noetherian local domains of dimension 1, we have the following equiva-
lence:

Proposition 3.19. Let A be a noetherian local domain with dim(A) = 1.
The following are equivalent:

(i) The ring A is normal.

(ii) The ring A is a principal ideal domain.

June 2,
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(iii) The ring A is a discrete valuation ring, i.e., there exists a valua-
tion v: Frac(A)* — Z such that v(zy) = v(z) + v(y) and v(x +y) >
min(v(z),v(y)) for all x,y € Frac(A) and such that

A={zx € K; v(z) >0} U{0}.
(Then A is local with mazimal ideal {z € K; v(z) >0} U{0}.)
If v is a valuation, we set v(0) = oo.

Sketch of proof. Every principal ideal domain is a UFD and hence normal
by the remark above. If A is a principal ideal domain with maximal ideal
m, one defines a valuation v on A by v(z) = max{n; x e m"} forz € A
and extends this to K by the rule v(zy) = v(z) + v(y). Conversely, A is
the discrete valuation ring for the valuation v and t € A an element with
v(t) = 1, one shows that the non-zero ideals of A are precisely the ideals (¢?),
ieN.

It remains to show that every normal noetherian local domain of dimension
1 is a discrete valuation ring. See, e.g., [AM| Proposition 9.2. O

Passing to not necessarily local rings, we have the notion of Dedekind
domain and Dedekind scheme:

Definition 3.20.

(1) A noetherian domain A is called a Dedekind domain if it is of dimension
< 1 and integrally closed (equivalently: all localizations Ay at mazimal
ideals are principal ideal domains).

(2) A noetherian integral scheme X is called a Dedekind scheme if for every
affine open U C X, the ring I'(U, Ox) is a Dedekind domain.

Also recall that a noetherian local ring A is called regular, if its maximal
ideal can be generated by dim A elements, where dim A is the Krull dimension
of A. If dim A = 0, then being regular is equivalent to being a field. If
dim A = 1, then being regular is equivalent to being normal. In general,
every regular local ring is normal, but not conversely.

One can show (Theorem of Auslander-Buchsbaum, [M2] Theorem 20.3)
that every regular local noetherian ring is a UFD.

(3.5) Definition of Weil divisors.

Now let X be a normal noetherian integral scheme. (The theory can be set
up in more generality, see [GW1] Section (11.13).)

Let Z'(X) denote the free abelian group on maximal proper integral
subschemes of X (equivalently: those integral subschemes Z C X such that
for the generic point 7z € Z we have dim Ox,, = 1). We say that Z has
codimension 1. We also write Ox 7 1= Ox .

By our assumptions on X, all the rings 0x 7z are discrete valuation rings.
We denote by vz : K(X)* — Z the corresponding discrete valuation on K,
and set vz(0) = oco.
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Definition 3.21. An element of Z1(X) is called a Weil divisor. We write
Weil divisors as finite “formal sums” Y nz[Z] where Z C X runs through
the integral closed subschemes of X of codimension 1.

For f € K(X)*, we define the divisor attached to f as
div(f) = > vz()[Z].
Z

Note that the sum is finite, i.e., vz(f) = 0 for all but finitely many Z. In
fact, for U C X affine open, the complement X \ U has only finitely many
irreducible components, so we may discard it and replace X by U. Then
assume X = Spec A is affine and write f = g/h with g,h € A. Then vz(f)
can only be # 0, if Z is an irreducible component of V(g) UV (h). Since
this closed subscheme of the noetherian scheme X has only finitely many
irreducible components (being itself noetherian), we are done.

Weil divisors of the form div(f) are called principal Weil divisors. The map
div is a group homomorphism K (X)* — Z!(X) and we call its cokernel, the
quotient C1(X) := Z(X)/im(div), the (Weil divisor) class group of X. Two
Weil divisors are called linearly equivalent, if their difference is a principal
divisor; in other words, if they have the same image in C1(X).

Definition 3.22.

(1) A Weil divisor ), nz|Z] is called effective, if ngz > 0 for all Z.

(2) A Cartier divisor D is called effective, if Ox C Ox (D) (inside K#x), or
equivalently, if Ox(—D) C Ox is an ideal of Ox.

(3.6) Weil divisors vs. Cartier divisors.

Generalizing the definition of principal divisors, we can construct a group
homomorphism cyc: Div(X) — Z1(X) as follows:

D = (quz) = sz(fiz)[z]v

where for each Z we choose an index iz so that U;, contains the generic
point of Z (equivalently: U;, N Z # ().

The map cyc is injective, and is even an isomorphism Div(X) = Z!(X), if
X is locally factorial, i.e., all local rings Ox , are UFD’s. To prove this, we
need the following facts from commutative algebra.

Lemma 3.23.

(1) Let A be an integrally closed domain. Then A is equal to the intersection
of all localizations A, (in Frac(A)), where p runs through the set of
minimal non-zero prime ideals of A.

(2) Let A be a unique factorization domain. Then every prime ideal p of
height 1 (i.e., dim Ay, = 1, equivalently p # 0 and p is minimal among
all prime ideals # 0 of A) is a principal ideal.

June 3,
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Proof. (1) See [M2] Theorem 11.5. (2) Let a € p be any non-zero element,
and write a = p1 - - - - - pr as a product of prime elements. Since p is a prime
ideal, there exists i with p; € p, so 0 # (p;) C p, and since p is a minimal
non-zero prime ideal, we obtain p = (p;). (See [M2] Theorem 20.1 for a
converse. ) O

Example 3.24. Let k be a field, A = k[T, ...,T,] the polynomial ring in
n > 1 variables, an integrally closed (even factorial) domain. Let X = A} =
Spec(A) and U = A} \ {0}. Then (inside K (A}) = Frac(A)) we have

T(X,0x) CT(U,0x) = (] Oxa C N O, =T(X, 0x),

zelU zeX, dim(Ox 4)=1

where the final equality follows from Part (1) of the lemma. This shows that
I'U,O0x) =T(X, 0x). (In the case at hand, this can alternatively be shown
by an elementary computation with polynomials.) In particular U is not
affine. The same argument works, if U C X is the complement of any finite
non-empty set of closed points.

Proposition 3.25. Let X be a normal integral noetherian scheme.

(1) The map cyc is injective and induces an injective map DivCl(X) —
Cl(X).

(2) If X is locally factorial, then the map cyc is a group isomorphism
Div(X) = Z1(X) and induces an isomorphism DivCl(X) = CI(X).

Sketch of proof. Injectivity. If D is a Weil divisor or a Cartier divisor such
that D and —D are effective, then D is trivial. It therefore suffices to show
that the inverse image of the subset of effective Weil divisors under the
homomorphism cyc consists of effective Cartier divisors. So let D be a
Cartier divisor on X such that cyc(D) is effective. We can check that D is
effective locally on X, so we may assume that X = Spec A for an integrally
closed domain A, and that D is principal, say given by (X, f). By assumption
f € K(X) is contained in A, for every p € Spec A of height 1, and it follows
from Lemma Part (1) that f € A, as desired.

Surjectivity. Now assume that X is locally factorial. We construct an
inverse to the map cyc. If Z C X is an integral closed subscheme of X
of codimension 1 with corresponding ideal sheaf .#; C Ox, then for every
x € X, Sz, is a principal ideal in Ox, by Lemma Part (2). Using
Proposition we find an affine open cover (U;); of X together with
elements f; € K(X) such that %y, = fiOx (inside J#Xx), for each i. We
then map [Z] to the Cartier divisor (U;, f;); (well-defined since elements in
a domain that generate the same principal ideal differ at most by a unit),
and extend this construction to a map d: Z'(X) — Div(X) by linearity. By
construction we have cycod = id, and this implies that cyc is surjective (and
hence bijective with inverse d).

We can phrase the definition of principal Weil divisor as saying that it is
the image under cyc of a principal Cartier divisor. It is therefore clear that
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we also obtain an injection (or an isomorphism, respectively, if X is locally
factorial) DivCl(X) — CI(X). O

For X locally factorial we thus have identifications
Pic(X) = DivCl(X) = CI(X).

Example 3.26.

(1) For any UFD A, Pic(A) = 1 as remarked above. In particular, all divisors
on affine space A} over a field (or over any UFD) k are principal.

(2) Let k be a field. As shown on the problem sheets, Pic(P}) & Z. We will
see below that Pic(P}) = Z for every n > 1.

The Picard group or equivalently the divisor class group of an integral scheme

X contains interesting information about X, but is often not easy to compute.

(3.7) Basics on algebraic curves.

Let k be an algebraically closed field.

Definition 3.27. An integral smooth projective curve over k is an integral
projective k-scheme which is a Dedekind scheme of dimension 1.

Recall that X being a projective k-scheme means that there exist n > 1
and a closed immersion X < P}!. This implies that X is proper over k. In
the special case of k-schemes of dimension 1, one can show that the converse
holds: Every proper curve over k is projective ([GW1] Theorem 15.18).

A prototypical (albeit not the most interesting one) example is the projec-
tive line ]P’,lc.

To each integral scheme, in particular to each integral smooth projective
curve X over k we can attach its field K(X) of rational functions. In the
case at hand, K(X) is a finitely generated extension field of k (being the
field of fractions of a finitely generated k-algebra) of transcendence degree
trdeg(K (X)/k) = dim(X) = 1.

The closed subsets of an integral smooth projective curve X are (), X and
finite sets of closed points. (In fact, every closed subset has only finitely
many irreducible components, and since dim(X) = 1, the only érreducible
closed subsets are X and the sets consisting of a single closed point.

For smooth projective curves, the field of rational functions “contains the
full information about the curve” in the sense of the following theorem. We
start with a lemma that clarifies which class of morphisms we consider.

Lemma 3.28. Let f: X — Y be a morphism between integral smooth

projetive curves over k. Denote by nx € X, ny € Y the generic points. The

following are equivalent.

(i) f is surjective,

(ii) f is dominant, i.e., f(X) =Y, equivalently f(nx) = ny,

(iii) f is non-constant (i.e., f does not factor through a morphism Spec(k) —
Y),
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(iv) all fibers of f are finite.

Proof. Clearly (i) = (ii) = (iii). To show (iii) = (iv) first note that the
fiber over ny is either empty or equal to {nx}. (In fact, a closed point
x € X cannot map to 7y, because we would then obtain chain of inclusion
k= k(x) D k(ny) = K(Y) D k, contradicting the fact that the transcendence
degree of K(Y') over k is 1.) Fibers over closed points are closed, so either
all fibers are finite or there exists a closed point y € Y with f~1(y) = X, i.e.,
f is constant. We also see that f is dominant, if all fibers are finite, because
then nx cannot be mapped to a closed point in Y. This shows (iv) = (ii).
Finally, (ii) = (i) holds, because f is proper (Lemma [1.23)). O

Theorem 3.29. Mapping a curve X to its field K(X) of rational functions
defines an anti-equivalence of categories between

e the category of integral smooth projective curves over the algebraically
closed field k with dominant k-scheme morphisms as morphisms, and

e the category of finitely generated extension fields K /k of transcendence
degree 1.

Proof. To prove that the functor is fully faithful, let X, Y be integral smooth
projective curves over k£ and consider the map

Hom{™(X,Y) — Homy (K (Y), K (X))

from the set of dominant k-morphisms X — Y to the set of k-algebra
homomorphisms K(Y) — K(X). We split up the proof into the following
two lemmas (the first for injectivity, the second for surjectivity) where we
can relax the assumptions a little.

We prove the essential surjectivity later on. U

Lemma 3.30. Let X and Y be integral k-schemes, and assume that 'Y is
separated over k. Then the map Hom{™(X,Y) — Homy(K(Y), K(X)) is
injective.

Proof. This holds, because Y is separated over k and Spec(K (X)) has dense
image in X. (Given two morphisms f,g: X — Y, their equalizer is a closed
subscheme in X, because Y is separated over k; if f and g induce the same
morphism on function fields, then the equalizer contains the generic point of
X, hence equals the integral scheme X.) ([

Lemma 3.31. Let X and Y be integral k-schemes, and assume that
X is a Dedekind scheme and that Y is proper over k. Then the map
Hom{™ (X, Y") — Homy (K (Y), K (X)) is surjective.

Proof. Let ¢p: K(Y) — K(X) be a k-homomorphism. It is enough to find,
for every closed point z in X, an open neighborhood U, and a morphism
U, — Y which induces ¢ on function fields. In fact, the previous lemma
shows that these morphisms necessarily coincide on the intersections U, NU,,
and we obtain the desired morphism X — Y by gluing.
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Solet x € X be a closed point. By the following lemma we find a morphism
Spec(Ox ) — Y which induces ¢. Its image is contained in some affine open
V C Y (any open neighborhood of the image of the closed point will do), so
we have a ring homomorphism ¢: I'(V, 0y) — Ox ;. Let U be an affine open
neighborhood of . Then x corresponds to a prime ideal p C I'(U, Ox ) and
Ox . is the localization I'(U, Ox),. Since I'(V, Oy) is a finitely generated
k-algebra, the image of 1 is contained in a suitable localization of T'(U, Ox)
with respect to one element not contained in the prime ideal corresponding to
x, i.e., we may extend the morphism Spec(Ox ;) — Y to some principal open
subset of U that still contains z. This concludes the proof of surjectivity. U

Lemma 3.32. Let f: Y — S be a proper morphism, and let R be a discrete
valuation ring with field of fractions K. Assume that we have a commutative
diagram

Spec(K) —— Y

| /
Spec(R) —— S,

where the left vertical arrow is the natural open embedding.
Then there exists a unique arrow Spec(R) — Y making the resulting
diagram commutative.

Proof. The uniqueness is clear since f is separated. To show existence, we
can equivalently show that the morphism f’: Y xg Spec(R) — Spec(R)
has a section s: Spec(R) — Y Xxg Spec(R), i.e., f' o s = id, that extends
the morphism Spec(K) — Y xg Spec(R) given by the diagram. Let y
be the image point of Spec(K). We view the closure {y} as a reduced
closed subscheme of Y xg Spec(R). Since f is proper, f’ is closed, thus
f'({y}) = Spec(R). So there exists ' € {y} mapping to the closed point of
Spec(R). We then obtain a chain of inclusions

RC@wyC@wy

Since O0+— e is of dimension 0 and reduced, it is a field. Since it contains

CK.

R, we have O Wy = = K. We claim that R = 07— Ty’ this immediately gives
us the desired section. Now, since R is a valuation ring, for s € O Wl if

s & R, then s7! € mp. But then s7! € ﬁ{x} ., contradicting the fact that

the inclusion R C ﬁ@ Y is a local ring homomorphism. O

Remark 3.33.

(1) The valuative criterion for properness ([GW1] Theorem 15.9) says that
a morphism of finite type between noetherian schemes is proper if and
only if for every discrete valuation ring R, every diagram as above can
be filled in with a unique diagonal arrow as in the lemma. (Similarly,
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replacing unique by at most one, one obtains a valuative criterion for a
morphism being separated.)

(2) For S = Spec(k), Y = P}, (and similarly for P}) it is easy to prove the
lemma directly, in other words to check that P} satisfies the valuative
criterion for properness. In fact, let R, K with a diagram as in the
lemma be given. Let v be the valuation for R, and let t € R be a
uniformizer, i.e., v(t) = 1. First note that since R is a local ring, any
morphism Spec(R) — Pk factors through the open embedding of one of
the standard charts. Therefore we have

Py(R) = {(zo : 21); x; € R, at least one of z¢, 7 is in R*},

where as usual we consider (xg : x1) = (uxp : uxy) for u € R*. Now
given (z¢ : 71) € PY(K) we set m = min(v(zg),v(71)). Then we have
(w0 : x1) = (t ™z : t™™x1) € PY(R), and this gives exactly the (unique)
R-valued point that we wanted to construct.

More explicitly, write Xy, X7 for the homogeneous coordinates on Pi.
Say m = min(v(zg),v(x1)) = v(xp), so that t~"zy € R* and t "z € R.
Then the morphism Spec(R) — P}, factors as

Spec(R) — Speck [?] = D, (Xo) — P},
0

where the first morphism is given by % == % € R.

Recall that a morphism f: X — Y of schemes is called finite, if for every
affine open V' C Y the inverse image f~!(V) is affine and the ring homomor-
phism I'(V, Oy) — T'(f~1(V), Ox) is finite. This can be checked on an affine
cover of Y (JGWI] Proposition 12.9). Every finite morphism is proper (using
a little commutative algebra about integral ring homomorphisms (“going
up”) this is not difficult; see [GW1] Examples 12.56 (3)) and even is projec-
tive (this is more difficult, see citeGW Corollary 13.77; the instance used
below, namely that for every finite morphism f: X — P} of k-schemes, X
is projective over k, is easier to prove and we will come back to that later;
of course this also follows from the above-mentioned fact that every proper
curve over k is projective).

We can now sketch the proof that the functor X — K(X) is essentially
surjective.

Proof of essential surjectivity in Theorem[3.29. Let K/k be a finitely gen-
erated field extension of transcendence degree 1. Let ¢t € K \ k be any
element. Since k is algebraically closed, ¢ is transcendental over k. Since the
transcendence degree is 1, the extension K/k(t) is algebraic, and since K/k
is finitely generated, it is even finite.

We want to construct an integral smooth projective curve X, such that
K(X) = K. (The embedding K (P}) = k(t) — K will then correspond to a
morphism X — P,lc; this points us, in some sense, in the right direction to
construct X.)
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We define X as the “normalization of P} in K”. We sketch the construction
here and refer to [GWI] Sections (12.11), (15.7) for further details. For
any affine open U C P, say U = Spec(A) with A C k(t) C K, let A
be the integral closure of A in K. This is a Dedekind ring and the ring
homomorphism A — A is finite ([GWI] Corollary 12.52 (1)). Set U =
Spec(A).

Since taking integral closure in some extension field is compatible with
localization, this construction “globalizes”, i.e., we can glue all the schemes
U for varying U to obtain a scheme X. Since X is covered by the U, it
is an integral Dedekind scheme. Moreover, by construction the morphism
X - IP’/%C is finite; as was remarked above, this implies that X is projective
over k. (Note that even though we did not prove the final statement yet, X
is certainly proper over k, since finite morphisms are proper, and for the fully
faithfulness we never used “projective”, but only “proper”. Thus if X with
K(X) = K exists at all, then it has to be the one that we constructed.) O

A morphism f: X — Y is called flat, if for every x € X the ring ho-
momorphism Oy ¢,y — Ox ;. is flat (equivalently, the ring homomorphisms
I(V, 0y) — (U, Ox) for all affine open subschemes V C Y and U C f~1(V))
are flat.

Lemma 3.34. Let f: X — Y be a dominant morphism between integral
smooth projective curves over k. Then f is finite and flat. Therefore, for every
affine open V .C Y, the inverse image f~Y(V) is affine and T(f~1(V), Ox)
is a locally free T'(V, Oy )-module of rank deg(f) := [K(X) : K(Y)].

Proof. For flatness, note that the homomorphisms between the local rings
are injective, because those are subrings of the respective fields of rational
functions. Since a module over a discrete valuation ring is flat if and only if
it is torsion-free, we get the result.

To show that f is finite, choose an element ¢ € K (Y') that is transcendental
over k. Its image in K (X) of course is again transcendental over k. By the
construction used in the proof of essential surjectivity in Theorem we
obtain morphisms X — Y — P,lc such that ¥ — IED}g is finite, in particular
separated, and the composition X — ]P’/,lC is finite. It follows by Lemma 77
(1) that X — Y is finite.

For the final statement, we use Theorem [2.23 [l

In particular, every morphism f: X — Y of degree 1 is an isomorphism:
Use either the fully faithful functor to pass to function fields; or use the
fact that every ring homomorphism A — B such that B is a locally free
A-module of rank 1 necessarily is an isomorphism (in fact, we may check
this Zariski-locally on Spec(A), so may assume that B is free of rank 1; but
then the claim is clear).

Let X be an integral smooth projective curve. In view of Proposition
we identify Weil and Cartier divisors on X. A Weil divisor is a finite formal
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linear combination Y np[P] of closed (equivalently: k-valued) points on X
with integer coefficients.

Definition 3.35. For a (Weil) divisor D =) p np[P] we define the degree
deg(D) of D as deg(D) := > pnp. We obtain a group homomorphism
ZYX) — 7.

Definition 3.36. Let f: X — Y be a dominant morphism of integral
smooth projective curves, and let D be a divisor on'Y. We define the pullback
f*(D) as the following divisor.

We represent D = (Vi,¢i)i as a Cartier divisor and define f*(D) =
(F7Y(V2), 0(g9:))i, where o: K(Y) — K(X) is the injection induced by f.

Equivalently, from the perspective of Weil divisors, we describe the pullback
F*([y]) for a closed point y (and extend the deﬁmtzon by linearity). In that
special case, we obtain f*([y]) = >_,. f@)= 'Um(fz( ))[x], where 75 Oy, f(z) =
Ox . is the morphism between local rings, vx 1s the valuation for the discrete
valuation ring Ox , and t € Oy, j(y) = Oy,y is a uniformizer.

To check the equivalence (which holds for any flat morphism between finite
type k-schemes that are Dedekind schemes of dimension 1) we may work
locally and assume that D = [y], that X = Spec(B) and Y = Spec(A) are
affine and that there exists ¢t € A with div(¢) = D (i.e., t is a uniformizer
in A, and a unit in all other localizations of A at maximal ideals). Then
F*([y]) = div(p(t)) clearly has the two equivalent descriptions above.

Proposition 3.37. Let f: X — Y be a dominant morphism of integral
smooth projective curves, and let D be a divisor on'Y. We have

deg(f*(D)) = deg(f) - deg(D).

Proof. Tt is enough to handle the case D = [y| for some closed point y € Y.
We need to show that deg(f*([y])) = deg(f) = [K(X) : K(Y)].

Claim. We have deg(f*([y])) = dimy D(f~1(y), Op-1(,)), where f~1(y) =
X Xy Spec(k(y)) is the scheme-theoretic fiber.

Once we have proved the claim, the lemma follows, because we have
dimg T(f 1 (y), Op-1(y)) = [K(X) : K(Y)], since f is finite flat (this number
is the rank of the locally free module I'(f~1(V), Ox) over I'(V,0y), V C Y
affine open).

Proof of claim. Let V = Spec(A) be an affine open neighborhood of y
such that there exists t € A with V(¢) = {y} as a reduced closed subscheme.
(Extend a uniformizer of 0y, to a suitable open neighborhood.) Write
f~1(V) = Spec(B), where B is a finite A-algebra. There exist only finitely
many (closed) points in X mapping to y, say z1,...,z,. We have

F(f_l(y)7 ﬁf*%y)) =B®a A/t = B/tB = H ﬁX,$i/(t)7
=1
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The final equality holds because Spec(B/tB) topologically is the finite space
{z1,...,x,} with the discrete topology, so the ring B/tB is the product of
the finitely many local rings at its points. We have dim(Ox 4, /(t)) = va, ().
The claim follows. O

For an element f € K(X)* that is transcendental over k, we obtain a
homomorphism K (P}) = k(t) — K(X) mapping ¢ to f, and in view of the
above theorem a finite flat morphism f: X — Pi. Then the principal divisor
attached to f is the “configuration of zeros and poles of f” in the following
precise sense.

Lemma 3.38. With notation as above, div(f) = f*([0] — [o0]).

Proof. Identifying K (PL) = k(t) implies that we choose a 0 and oo in P}. In
other words, the standard charts of P} are Spec(k[t]) (and O corresponds to
the prime ideal (¢) in this chart) and Spec(k[t~!]) (and oo corresponds to
the prime ideal (¢71) in this chart).

We have f(x) = 0 if and only if the morphism Spec(€x ) — Pi induced
by f factors through Spec(k[t]), i.e., f € Ox ,, and maps the maximal ideal
m, to (t), i.e., vy (f) > 0. In this case v, (f) is the coefficient of div(f) at z,
and also the coefficient of f*([0]) at z.

Symmetrically, we have an analogous picture for oo in place of 0. Altogether,
the claim follows. (]

We can now show that the degree homomorphism Z!(X) — Z factors
through Cl(X):
Theorem 3.39. Let f € K(X)*. Then deg(div(f)) = 0.

Proof. By the lemma, we have div(f) = f*([0] — [cc]), and hence

deg(div(f)) = deg(f) - deg([0] — [oc]) = 0.
O

In particular, we can speak of the degree of a line bundle, and we denote
the degree of .Z by deg(.%).

Proposition 3.40. Let X be an integral smooth projective curve over k. If
there exist closed points © # y on X such that [x] ~ [y], then X = P}.

Proof. By assumption, [z] — [y] = div(f) for some f € K(X)*. Since = # v,
the divisor [z] — [y] is non-trivial, so f is transcendental over k and defines
a dominant morphism f: X — PL. Then f*[0] = [z], so f has degree 1 by
Proposition [3.37 and therefore is an isomorphism. (I

Proposition 3.41. Let X be an integral smooth projective curve over k.
If there exists a closed point x on X such that dimT'(X, O([z])) > 1, then
X P

Proof. Omitted for now (maybe on the next problem sheet?). O
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(3.8) The theorem of Riemann and Roch.

No proofs were given in the lecture at this point for the following results.
Reference: [H] IV.1, [GW1] Sections (15.9), (15.10), [GW2] (26.11).

Let X be an integral smooth projective curve over an algebraically closed
field k.

To state the famous Theorem of Riemann—Roch, we introduce the following
notation. For a divisor D we write (D) = dimy I'(X, Ox (D)), where

I'(X,0x(D))={f € K(X)*; div(f)+ D >0}U{0},
as before.

Remark 3.42.

(1) We have £(D) > 0 if and only if D is linearly equivalent to an effective
divisor (in fact, the divisors linearly equivalent to D are exactly those of
the form div(f) + D). In particular deg(D) < 0 implies ¢(D) = 0.

(2) We have ¢(0) = dimy I'(X, 0x) = 1 since I'(X, Ox) = k (Problem 22).

Proposition 3.43. For each D, ¢(D) is finite.

Theorem 3.44. (Riemann-Roch) For X as above, there exist g € Z>q
and K € Div(X) such that for every divisor D on X, we have

¢(D) — ¢(K — D) = deg(D) + 1 — g.

Corollary 3.45. In the above situation, we have

(1) (K) =g,

(2) deg(K) = 29— 2,

(3) for every D with deg(D) > 2g — 2, we have {(D) = deg(D) + 1 —g.

Proof. The corollary is easy to prove with the Theorem of Riemann-Roch at
hand. In fact, for (1) use the theorem with D = 0 the trivial divisor, for (2)
use D = K, and for (3) use that under the assumption there deg(K — D) < 0,
whence ¢(K — D) = 0, as remarked before. O

The number g is called the genus of the curve X. Part (3) of the corollary
shows that it is uniquely determined by X.

Remark 3.46. The linear equivalence class of the canonical divisor K is
uniquely determined. In fact, assume that K and K’ are divisors which both
have the property of a canonical divisor as in the Riemann-Roch theorem.
Using the theorem and the corollary, one computes that (K — K') > 0
and {(K’' — K) > 0. As was shown on the problem sheet, this implies that
Ox (K — K') is trivial, or in other words that K and K’ have the same divisor
class.

For the projective line P}, it is easy to prove the Theorem of Riemann-Roch
by direct computations. It has genus 0. One can show that every X of genus
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0 is isomorphic to ]P’,i. (But if k£ is not assumed to be algebraically closed,
then there may exist X as above of genus 0 which are not isomorphic to IP)}C)

For X as above which is of the form V. (f) C P%, there is the following
formula for the genus:

Proposition 3.47. Let X as above be of the form Vi(f) C P% for a
homogeneous polynomial f of degree d. Then the genus g of X is given by
~(d—-1)(d-2)
9= 9 .

For example, elliptic curves (which are defined by a homogeneous polyno-
mial of degree 3) have genus 1.

(3.9) Line bundles on P}.

References: [GWI], Ch. 8, Ch. 11, in particular Example 11.43, (8.5); [H] I1.6,
[.7.

We want to compute the Picard group of projective space over a field. To
this end, we will use the following general proposition.

Proposition 3.48. Let X be a noetherian integral scheme such that all
local rings Ox . are unique factorization domains. Let U C X be an open
subscheme, and let Zy,...,Z, be those irreducible components of X \ U
that are of codimension 1 inside X. We consider the Z; as integral closed
subschemes of X. Then we have a short exact sequence

O—>@Z | = Z4X) = ZY(U) =0

which induces an exact sequence

@Z — CI(X) — CL({U) — 0.

Proof. 1t is clear that we have the first short exact sequence when we think
of integral closed subschemes in terms of their generic points. It is easy to
check that the “restriction map” Z'(X) — Z!(U) induces a homomorphism
between the class groups, and this yields the second exact sequence. O

In terms of the identifications of the divisor class groups with the Picard
groups of X and of U, the map Pic(X) — Pic(U) in the proposition is just
the restriction of line bundles from X to the open subscheme U.

Now let R be a ring and fix n > 1. We cover P% by the standard charts
Ui == D4 (X;), as usual, and write U;; := U; N U;. For d € Z, multiplication
by the elements (X;/X;)¢ € T'(Uy;, Opr, ) defines isomorphisms Oy, y,, —
Oy, \u,; which give rise to a gluing datum of the Oy,-modules 0y,. By gluing
of sheaves, we obtain a line bundle Opn (d). (Cf. Problems 23, 24, 25 in the
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case n = 1.) To shorten the notation, we sometimes just write &(d), when
the space is clear from the context.

Lemma 3.49. We obtain a group homomorphism Z — Pic(P}), d — O(d).

Proposition 3.50. Writing R[Xo, ..., X,|q for the submodule of homoge-
neous polynomials of degree d (with R[ Xy, ..., Xpla =0 for d < 0), we have
natural isomorphisms

F( TIL%’ ﬁ(d)) = R[Xo, s 7Xn]d
for alld € Z.

Proof. We can make the gluing construction for &(d) explicit by identifying

(D4 (X;), 0(d)) with XR [%’, e ))%}, and correspondingly
XO Xn X@' d Xo Xn X;

N(D(X;X;),0(d) =XIR|==,..., =2 | =xIR|==,... 22 22
(D (XX,). 00) = X{R T BT = XIR [T R

(inside R[Xo, ..., X5, Xy 'y .., X;7!]). This means that the restriction map is
just the inclusion map. (If R is a domain, then this describes an embedding of
0(d) into the constant sheaf #pn with values the field of rational functions.)

With this description, since the relevant restriction maps are injective, we

can identify I'(IP%, &/(d)) with the intersection

n
Xo Xn
XAR |2, 5
,ﬂ ' [Xi’ 7 Xi]
=0
One checks that this intersection is R[Xy, ..., Xn]q4, as claimed. U

Corollary 3.51. The above homomorphism Z — Pic(P}), d — O(d), is
injective.

Now let R = k be a field (in fact, the same arguments apply to any
noetherian unique factorization domain k). Then P} is a noetherian integral
scheme all of whose local rings are unique factorization domains, so we can
talk about Cartier divisors and about Weil divisors, and identify the two
notions via the cycle map as in Proposition [3.25

Corollary 3.52. Let k be a field and let n > 1. Then Pic(P}) = Z.

Proof. If we identify C1(P}) = Pic(P}) and apply Propositionto X =P}
and U = D, (Xo) = A}, we obtain a surjection Z — Pic(P}). The injectivity
statement of the previous corollary implies that this surjection (which allows
us to identify Pic(IP}) with some quotient of Z) must be an isomorphism. (At
this point we have not yet shown that the map d — &(d) is surjective, and
hence an isomorphism; this will follow from the discussion in the following
section.) O
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Remark 3.53. One can show that every locally free ﬁp}c -module is isomor-

phic to a direct sum of line bundles (Problem 27). Note though that this
statement is not true for P}, n > 1.

(3.10) Divisors on Py.

Let k be a field (or more generally a noetherian unique factorization
domain), and let n > 1. Let us take a look at the line bundles &(d) from
the point of view of Cartier divisors. Write

R={f= %; g, h € k[Xo, ..., X,] non-zero homogeneous polynomials}.

For f = g/h € R, we define deg(f) = deg(g) — deg(h). We can identify
K(X)* with the subgroup of R of degree 0 elements.

Fix an element f € R and write d = deg(f). Let D be the Cartier divisor
div(f) := (D+(X;), f/X$); (this is a new use of the symbol div since f is
not an element of K(Py)). Describing the line bundle Opr (D) in terms of a

~Y

gluing datum, it follows that Ox (D) = &(d). Thus the composition
R — Div(Py) — Pic(P}) = Z

is the degree map on R. In particular, the isomorphism class of the line
bundle Opr (div(f)) depends only on d, not on the choice of f.

Now let f € k[Xy,...,X,] be an irreducible homogeneous polynomial
of degree d > 0. Then Vi (f) is an integral closed subscheme of P} of
codimension 1 (since the same is true after intersection with any of the open
charts D1 (X;) (unless the intersection is empty)). From the construction of
the matching between Cartier and Weil divisors, one sees that the Cartier
divisor div(f) defined above corresponds to the Weil divisor [V (f)]. As
a particular example, for any fixed ¢, the Weil divisor [V (X;)] of the line
Vi (X;) has associated line bundle &'(1).

Since the identification of Cartier divisors with Weil divisors is a group
isomorphism, one can extend this description to all divisors, by decomposing
a general f € R as a product of irreducible homogeneous polynomials and of
inverses of such polynomials.

Coming back to the case of an irreducible homogeneous polynomial f of
degree d > 0, the datum of the divisor div(f) corresponds to the choice
of embedding of its associated line bundle 0(d) into Jpyp. The image
of this embedding contains the structure sheaf ﬁpvkz, and going through
the definitions shows that the global section 1 € I'(IP}, ﬁ]pz) is mapped to
fek[Xo,...,Xn]a=T(P}, 0(d)) (Proposition under this embedding.
Compare Problems 31, 33. In other words, the embedding I'(P}, €(d)) —
K (X) of the global sections is given by

k[XO,...,Xn]d—)K(X), gHg/f
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Corollary 3.54. Let k be a field, and let Z C P} be an integral closed
subscheme of codimension 1. Then Z = V,(f) for some homogeneous
polynomial f.

Proof. Consider the divisor [Z] given by Z. Viewed as a Cartier divisor,
it corresponds to an embedding Opp([Z]) — Jpr whose image contains
Opr since the divisor [Z] is effective. Let f € k[Xo,..., Xpn]q be the image
of 1 € T'(PE,0) in I'(PY, 0([Z])) = k[Xo,...,Xy]q under this embedding.
Since the embedding Opr ([Z]) — Hpp is entirely determined by this image,
the above discussion shows that [Z] = [V (f)] as divisors and hence that
Z=Vi(f). 0

(3.11) Functorial description of P".

As we have seen in Sectionl.1] every scheme X defines a contravariant
functor 7'+ X (T') := Homge) (7, X) from the category of schemes to the
category of sets. This functor determines X up to unique isomorphism.
In this section, we want to describe the functor attached in this way to
projective space P, for R a ring.

Lemma 3.55. Let X be a scheme.

(1) Let F be an Ox-module. Giving an Ox-module homomorphism oz it —
F is “the same” as giving global sections sg, ..., sy, € I'(X,.#) (namely
the images of the standard basis vectors of T'(X, O%™!) = T'(X, Ox )"+,

(2) Now let £ be a line bundle on X, and let a: O™ — £ be an Ox-module
homomorphism given by sg,...,s, € I'(X,%). Then « is surjective if
and only if for every x € X there exists i such that s;(x) # 0 in the fiber

Proposition 3.56. Let R be a ring, and let S be an R-scheme. There are
bijections, functorial in S,

PR(S) ={(Z,a); £ a line bundle on S,
a: 0% — £ a surjective Og-module homom.}/ = .

Here we consider pairs (£, a), (£, ') as isomorphic, if there exists an
Os-module isomorphism B: £ — £ with o = o/ o B3.

Saying that the bijections of the proposition are functorial means that
given a morphism S’ — S of R-schemes the bijections for S and S’ together
with the natural map P%(S) — P%(S’) and the map (£, «) — (¢*.Z, g* )
give rise to a commutative diagram. (Note that for every line bundle £ on S
the pull-back g*.% is a line bundle on S’, and for surjective o the pull-back
g*a is again a surjective gi-homomorphism of the desired form.)

Proof. A homomorphism «: ﬁg“ — % corresponds to n + 1 global sections
in I'(S, Z) (the “images of the standard basis vectors”). Thus Xo,..., X, €
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I'(P%, 0(1)) give rise to a homomorphism ﬁgg ' ©(1). This homomor-
phism is surjective. (In fact, looking back at the construction of &(1)
by gluing and the way how we identified the global sections of &'(1) with
R[Xo, ..., Xp]1, under the identification 0(1)p_ (x,) = Op, (x,) the restric-
tion of X; to D (X;) corresponds to 1 € T'(D4(X;), Op, (x,)) and in partic-
ular is non-zero in every fiber.)

Given a morphism S — P, we can pull this homomorphism back to S and
obtain an element of the right hand side in the statement of the proposition.

Conversely, given a pair (., «) on S, we can think of the corresponding
morphism S — P in terms of homogeneous coordinates (i.e., for K-valued
points for some field K), as follows: Denote by fo,..., fn € ['(S,.Z) the
global sections corresponding to a. For a point x € S, the fiber .Z(x) is a
one-dimensional x(z)-vector space generated by the elements fo(z),..., fo(z)
(i.e., at least one of them is # 0 — this holds since « is surjective). We choose
an isomorphism .Z(x) = k(z), and hence can view the f;(z) as elements of

#(x). Then the morphism S — P% maps x to (fo(z) : --- : fu(x)) € P*(k(2)).
While the individual f;(z), as elements of x(x), depend on the choice of
isomorphism Z(z) = k(x), the point (fo(x) : -+ : fu(z)) € P*(k(x)) is

independent of this choice.
To make this rigorous, consider a pair (£, «a) as above, and for i €
{0,...,n} define

S; = {s € S; a(e;) generates the fiber Z(s)},

where e; € ﬁg“ denotes the i-th standard basis vector. This defines an open
cover of S. By definition, composing « with the injection Og — ﬁg“ as the

i-th summand induces a trivialization Og;, = Zg, of the restriction of . We

obtain a morphism S; — D (X;) = Spec k[%, ce ))((7;] by mapping % to

the image of a(e;) € I'(S;,.Z) under the isomorphism I'(S;, £) — I'(S;, O).
These morphisms can be glued, and one obtains the desired morphism

S — P%.
To conclude the proof, one checks that the two constructions are inverse
to each other. O

Remark 3.57. If S = Speck for a field k, then every locally free sheaf on
S is free, and the proposition reads as

P"(k) = {a: k"1 — k surjective}/ =2,

where now homomorphisms «a, o’ are isomorphic if and only if they have the
same kernel. Thus we can identify

P"(k) = {U C k™! sub-vector space of dimension n}.

This description is dual to the classical description of P"(k) as the set of lines
in k"*1. Passing to the dual space, the projection k"*1 — k"+1 /U induces
an inclusion (k"*1/U)Y — k"TLV of the dual vector spaces. Matching the
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standard basis of k"*! with its dual basis, we can identify k"t1Y = g7t
and in this way we get back the description in terms of lines.
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4. SMOOTHNESS AND DIFFERENTIALS *

General reference: [GW1] Ch. 6.

The Zariski tangent space.

(4.1) Definition of the Zariski tangent space.

Definition 4.1. Let X be a scheme, x € X, m; C Ox , the maximal ideal
in the local ring at z, k(x) the residue class field of X in x. The k(x)-vector
space (m/m?)" is called the (Zariski) tangent space of X in .

Definition 4.2. Let R be a ring, fi,...,fr € R[T1,...,T,]. We call the
matrizc

_ (o
Tt = (57:), € MoealRIE)

the Jacobian matrix of the polynomials f;. Here the partial derivatives are
to be understood in a formal sense.

Remark 4.3.

(1) If in the above setting the ideal m is finitely generated, then dim,,) T X
is the minial number of elements needed to generate m and in particular
is finite.

(2) The tangent space construction if functorial in the following sense: Given
a scheme morphism f: X — Y and z € X such that dim,,) T, X is
finite or [k(z) : k(f(z))] is finite, then we obtain a map

dfz: Tp X — Tf(w)y ®,€(f($)) I{(l‘)

Example 4.4. Let k beafield, X =V (fi,..., fm) CA}L, fi € k[T1,...,T,],
x = (z;); € k™ = A"(k). Then there is a natural identification T, X =
Ker(Jy,, . . (x)), where Jy, ¢ (x) denotes the matrix with entries in x(z) =
k obtained by mapping each entry of Jy, . . to x(x), which amounts to
evaluating these polynomials at x.

Proposition 4.5. Let k be a field, X a k-scheme, x € X (k). There is an
identification (functorial in (X,x))

X (k[e]/(€%))2 == {f € Homy(Speckle]/(*), X); im(f) = {z}} = To.X.
Smooth morphisms.

(4.2) Definition of smooth morphisms.
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Definition 4.6. A morphism f: X — Y of schemes is called smooth of
relative dimension d > 0 in x € X, if there exist affine open neighborhoods
UCX ofx and V =SpecR CY of f(x) such that f(U) CV and an open
immersion j' U — Spec R[Th,...,T,](f1, -, fu_d) such that the triangle

v— Spec R[T, ..., To](f1, - frd)

N

is commutative, and that the Jacobian matriz Jy, ¢ . (x) has rank n —d.

We say that f: X — Y is smooth of relative dimension d if f is smooth
of relative dimension d at every point of X. Instead of smooth of relative
dimension 0, we also use the term étale.

With notation as above, if f is smooth at x € X, then = as an open
neighborhood such that f is smooth at all points of this open neighborhood.
Clearly, Ay and P are smooth of relative dimension n for every scheme
S. (It is harder to give examples of non-smooth schemes directly from the
definition; we will come back to this later.)

(4.3) Dimension of schemes.

Recall from commutative algebra that for a ring R we define the (Krull)
dimension dim R of R as the supremum over all lengths of chains of prime
ideals, or equivalently as the dimension of the topological space Spec R in
the sense of the following definition.

Definition 4.7. Let X be a topological space. We define the dimension of
X as

dim X := sup{¥¢; there exists a chain Zy 2 Z1 2 -+ 2 Zy
of closed irreducible subsets Z; C X }.

We will use this notion of dimension for non-affine schemes, as well. Recall
the following theorem about the dimension of finitely generated algebras
over a field from commutative algebra:

Theorem 4.8. Let k be a field, and let A be a finitely generated k-algebra
which isi a domain. Let m C A be a maximal ideal. Then

dim A = trdegy, (Frac(A)) = dim Ay,

By passing to an affine cover, we obtain the following corollary:

Corollary 4.9. Let k be a field, and let X be an integral k-scheme which
is of finite type over k. Denote by K(X) its field of rational functions. Let
U C X be a non-empty open subset, and let © € X be a closed point. Then

dim X =dimU = trdeg, (K (X)) = dim Ox ;.
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(4.4) Existence of smooth points.

Let k be a field.

Lemma 4.10. Let X, Y be /integmﬂ/ k-schemes which are locally of finite
type over k. Let x € X, y €Y, and let p: Oy, — Ox , be an isomorphism
of k-algebras. Then there exist open neighborhoods U of x and V' of y and
an isomorphism h: U — V of k-schemes with i = ©.

Proposition 4.11. Let X be an integral k-scheme of finite type. Assume
that K(X) = k(Th,...,Ty)[a] with a separable algebraic over k(Th,...,Ty).
(This is always possible if k is perfect.) (Then dim X = d by the above.)

Then there exists a dense open subset U C X and a separable irreducible
polynomial g € k(T1,...,Ty)|[T] with coefficients in k[T4,...,Ty|, such that
U is isomorphic to a dense open subset of Speck[T1,...T4]/(g).

Theorem 4.12. Let k be a perfect field, and let X be a nonempty reduced
k-scheme locally of finite type over k. Then the smooth locus

Xem = {z € X; X — Speck is smooth inx}

of X is open and dense.

(4.5) Regular rings.

For references to the literature, see [GW1] App. B, in particular B.73, B.74,
B.75

Definition 4.13. A noetherian local ring A with maximal ideal m and
residue class field  is called regular, if dim A = dim, m/m?.

One can show that the inequality dim A < dim, m/m? always holds. There-
fore we can rephrase the definition as saying that A is regular if m has a
generating system consisting of dim A elements.

Definition 4.14. A noetherian ring A is called regular, if Ay is reqular
for every mazimal ideal m C A.

We quote the following (mostly non-trivial) results about regular rings:

Theorem 4.15.

(1) Ewvery localization of a regular ring is regular.

(2) If A is regular, then the polynomial ring A[T] is regular.

(3) (Theorem of Auslander—Buchsbaum) Every reqular local ring is factorial.

(4) Let A be a regular local ring with mazimal ideal m and of dimension d,
and let f1,..., fr € m. Then A/(f1,..., fr) is reqular of dimension d —r
if and only if the images of the f; in m/m? are linearly independent over
A/m.

2The statement is true in general, but in the lecture we proved it only with the additional
assumption that X and Y are integral.
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(4.6) Smoothness and regularity.

Let k be a field.

Lemma 4.16. Let X be a k-scheme locally of finite type. Let x € X
such that X — Speck is smooth of relative dimension d in x. Then Ox , is
regular of dimension < d. If moreover x is closed, then Ox . is regular of
dimension d.

Lemma 4.17. Let X = V(g1,...,9s) € A}, and let x € X be a closed
point. If rkJy 4 () > n —dimOx,, then z is smooth in X/k, and
tkJg, g (x) =n—dim Ox 5.

Theorem 4.18. Let X be a k-scheme locally of finite type, © € X a closed

point, d > 0. Fiz an algebraically closed extension field K of k and write

X =X ®i K. The following are equivalent:

(i) The morphism X — Speck is smooth of relative dimension d at x.

(ii) For all points T € Xk lying over z, Xk is smooth over K of relative
dimension d at T.

(iii) There exists a point T € X lying over x, such that X is smooth over
K of relative dimension d at T.

(iv) For all points T € Xk lying over x, the local ring Ox, z is reqular of
dimenston d.

(v) There exists a point T € X lying over x, such that the local ring Ox,
is reqular of dimension d.

If these conditions hold, then the local ring Ox , is reqular of dimension d,

and if k(x) =k, then this last condition is equivalent to the previous ones.

Corollary 4.19. Let X be an irreducible scheme of finite type over k, and
let x € X (k) be a k-valued point. Then X — Speck is smooth at x if and
only if dim X = dim; T, X .

Corollary 4.20. Let X =V (g1,...,9s) € A} and let x € X be a smooth
closed point. Let d = dimOx . Then Jg, . 4. (x) has rank n —d. In
particular, s > n — d.

After renumbering the g;, if necessary, there exists an open neighborhood
U of © and an open immersion U C V(g1,...,9n—d), i-e., locally around x,
“X is cut out in affine space by the expected number of equations”.

Corollary 4.21. Let X be locally of finite type over k. The following are

equivalent:

(i) X is smooth over k.

(ii) X ®g L is regular for every field extension L/k.

(iii) There exists an algebraically closed extension field K of k such that
X ® K s reqular.
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The sheaf of differentials.

General references: [M2] §25, [Bo] Ch. 8, [H] I1.8.

(4.7) Modules of differentials.

Let A be a ring.

Definition 4.22. Let B be an A-algebra, and M a B-module. An A-
derivation from B to M is a homomorphism D: B — M of abelian groups
such that

(a) (Leibniz rule) D(bY') = bD(b') + b/ D(b) for all bV € B,

(b) d(a) =0 for all a € A.

Assuming property (a), property (b) is equivalent to saying that D is a
homomorphism of A-modules. We denote the set of A-derivations B — M
by Der4(B, M); it is naturally a B-module.

Definition 4.23. Let B be an A-algebra. We call a B-module Qg4 together
with an A-derivation dg/a: B — Qpa a module of (relative, KA xzhler)
differentials of B over A if it satisfies the following universal property:
For every B-module M and every A-derivation D: B — M, there exists a
unique B-module homomorphism v: Qg4 — M such that D = odp/a.
In other words, the map Homp(Qp/4, M) — Dera(B, M), ) +— odp,a
is a bijection.

Lemma 4.24. Let I be a set, B = A[T;,i € I| the polynomial ring. Then
Qpa = BW with, dp/a(T;) = ei, the “i-th standard basis vector” is a module
of differentials of B/A.

So we can write Qg4 = D;ec; Bdp/a(Ti).

Lemma 4.25. Let ¢: B — B’ be a surjective homomorphism of A-algebras,
and write b = Ker(p). Assume that a module of differentials (Qga,dp,a)
for BJA exists. Then

Qpa/(bQp/4 + B'd(b))

together with the derivation dp/ induced by dp, 4 is a module of differentials
for B'/A.

Corollary 4.26. For every A-algebra B, a module Qg4 of differentials
exists. It is unique up to unique isomorphism.

We will see later that for a scheme morphism X — Y, one can construct
an Ox-module x/y together with a “derivation” Ox — Qx,y by gluing
sheaves associated to modules of differentials attached to the coordinate
rings of suitable affine open subschemes of X and Y.
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Let ¢: A — B be a ring homomorphism. For the next definition, we will
consider the following situation: Let C' be a ring, I C C an ideal with I? = 0,
and let

B —— C/I
(I
A——C

be a commutative diagram (where the right vertical arrow is the canonical
projection). We will consider the question whether for these data, there
exists a homomorphism B — C' (dashed in the following diagram) making
the whole diagram commutative:

B —— C/I

SOT N T
pN

A——C

Definition 4.27. Let p: A — B be a ring homomorphism.

(1) We say that ¢ is formally unramified, if in every situation as above,
there exists at most one homomorphism B — C making the diagram
commutative.

(2) We say that ¢ is formally smooth, if in every situation as above, there
exists at least one homomorphism B — C making the diagram commuta-
tive.

(3) We say that ¢ is formally étale, if in every situation as above, there exists
a unique homomorphism B — C making the diagram commutative.

Passing to the spectra of these rings, we can interpret the situation in
geometric terms: Spec C'/I is a closed subscheme of Spec C' with the same
topological space, so we can view the latter as an “infinitesimal thickening”
of the former. The question becomes the question whether we can extend
the morphism from Spec C'/I to Spec B to a morphism from this thickening.

Proposition 4.28. Let ¢: A — B be a ring homomorphism. Then ¢ is
formally unramified if and only if Qp,4 = 0.

For an algebraic field extension L/K one can show that K — L is formally
unramified if and only if it is formally smooth if and only if L /K is separable.
Cf. Problem 27 and [M2] §25, §26 (where the discussion is extended to the
general, not necessarily algebraic, case).

Theorem 4.29. Let f: A— B, g: B — C be ring homomorphisms. Then
we obtain a natural sequence of C-modules

QB/A ®p C — QC/A — QC/B —0

which is exact.
If moreover g is formally smooth, then the sequence

0_>QB/A®BC_>QC/A —)QC/B —0
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s a split short exact sequence.

Theorem 4.30. Let f: A — B, g: B — C be ring homomorphisms.
Assume that g is surjective with kernel b. Then we obtain a natural sequence
of C-modules

b/b%> = Qp4 ®p C — Qoya — 0,

where the homomorphism b/b% — Qp/a@p C is given by x +— dp/a(z) ® 1.
If moreover g o f is formally smooth, then the sequence

0—b/b%> = Qp/a®pC — Qo/a — 0

s a split short exact sequence.

(4.8) The sheaf of differentials of a scheme morphism.

Remark 4.31. Let again B an A-algebra. There is the following alternative
construction of Qp,4: Let m: B ®4 B — B be the multiplication map, and
let I = Ker(m). Then I/I? is a B-module, and d: B — I/I?, b+ 1Qb—b®1,
is an A-derivation. One shows that (I/I?,d) satisfies the universal property
defining (Q2p/4,dpB/4)-

We can use a similar definition as we used for ring homomorphisms above
to define the notions of formally unramified, formally smooth and formally
étale morphisms of schemes.

Definition 4.32. Let f: X — Y be a morphism of schemes.

(1) We say that f is formally unramified, if for every ring C, every ideal
I with I? = 0, and every morphism SpecC — Y (which we use to
view SpecC' and SpecC/I as Y -schemes), the composition with the
natural closed embedding Spec C'/I — Spec C' yields an injective map
Homy (Spec C, X)) — Homy (Spec C/1, X).

(2) We say that f is formally smooth, if for every ring C, every ideal I
with I? = 0, and every morphism SpecC — Y, the composition with
the natural closed embedding Spec C'/I — Spec C' yields a surjective map
Homy (Spec C, X)) — Homy (Spec C/1, X).

(3) We say that f is formally étale, if f is formally unramified and formally
smooth.

If f is a morphism of affine schemes, then f has one of the properties of
this definition if and only if the corresponding ring homomorphism has the
same property in the sense of our previous definition.

Lemma 4.33.

(1) Every monomorphism of schemes (in particular: every immersion) is
formally unramified.

(2) Let A — B — C be ring homomorphisms such that A — B is formally
unramified. Then we can naturally identify Qc/q = Qo -
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Definition 4.34. Let X — Y be a morphism of schemes, and let .# be
an Ox-module. A derivation D: Ox — # is a homomorphism of abelian
sheaves such that for all open subsets U C X, V CY with f(U) CV, the
map O(U) — A4 (U) is an Oy (V)-derivation.

Equivalently, D: Ox — # is a homomorphism of f~1(Oy)-modules such
that for every open U C X, the Leibniz rule

DU)(Y') = bD(U) (V') + b D(U)(b), Vb, b € T'(U, Ox)
holds.

We denote the set of all these derivations by Dery (Ox, #); it is a
I'(X, Ox)-module.

Definition/Proposition 4.35. Let f: X — Y be a morphism of schemes.

The following three definitions give the same result (up to unique iso-

morphism), called the sheaf of differentials of f or of X over Y, de-

noted Qx,y — a quasi-coherent Ox-module together with a derivation

dX/Y: ﬁX — QX/Y

(i) There exists a unique Ox-module Qx/y together with a derivation
dx/y: Ox — Qx/y such that for all affine open subsets Spec B =U C X,
Spec A=V CY with f(U) CV, Qx/y = (Z;//A and dxy s induced
by dB/A'

(i) Qx/y = A*( 7/ #?), where A: X — X xy X is the diagonal morphism,
W C X xy X is open such that im(A) C W is closed (if f is separated
we can take W = X xy X), and # is the quasi-coherent ideal defining
the closed subscheme A(X) C W. The derivation dx/y is induced, on
affine opens, by the map b—1Rb—bQ 1.

(iii) The quasi-coherent Ox-module Q1x /vy together with dx v is characterized
by the universal property that composition with dxy induces bijections

HOmﬁX (QX/Ya /%) :> Dery(ﬁ’X, /%)

for every quasi-coherent Ox-module A , functorially in A .

The properties we proved for modules of differentials can be translated
into statements for sheaves of differentials:

Proposition 4.36. Let f: X =Y, g: Y — Y be morphisms of schemes,
and let X' = X xy Y'. Denote by g': X' — X the base change of g. There
is a natural isomorphism Qx y1 = (g/)*QX/y, compatible with the universal
derivations.

Proposition 4.37. Let f: X =Y, g: Y — Z be morphisms of schemes.
Then there is an exact sequence

f*QY/Z — QX/Z — Qx/y — 0
of Ox-modules. If f is formally smooth, then the sequence

0— f*QY/Z — QX/Z — Qx/y —0
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s exact and splits locally on X.

Proposition 4.38. Leti: Z — X be a closed immersion with corresponding
ideal sheaf 7 C Ox, and let g: X —Y be a scheme morphism. Then there
is an exact sequence

H(F)I?) = i Qxpy = Qzpy =0
of Oz-modules. If Z is formally smooth over Y, then the sequence

is exact and splits locally on Z.

Proposition 4.39. Let K be a field, and let X be a k-scheme of finite type.
Let v € X (k). Then we have an isomorphism T, X = Qx /. (v) between the
Zariski tangent space at x and the fiber of the sheaf of differentials of X/k at
x.

Proposition 4.40. Let R be a ring. We have a short exact sequence
n+1 n
0= Qprn /g = O(-1)""" = 0" =0

of Ox-modules.

(4.9) Sheaves of differentials and smoothness.

We start by slightly rephrasing the definition of a smooth morphism.

Definition 4.41. A morphism f: X — Y of schemes is called smooth of
relative dimension d > 0 in z € X, if there exist affine open neighborhoods
UCX ofx andV =SpecR CY of f(x) such that f(U) CV and an open
immersion j' U — Spec R[Th,...,T,)(f1,- ., fn_d) Such that the triangle

U —> SpeCRTl,...,Tn](fl,... 7fn—d)

N

is commutative, and that the images of df1, .., df,_q in the fiber Q}M n/R ®

k(x) are linearly independent over H( ). (We view z as a point of AR via
the embedding U — Spec R[T1, ..., T,)(f1,-.., fn—a) = Spec R[T1,...,T,] =
A%.)

Proposition 4.42. Let f: X — S be smooth of relative dimension at
x € X. Then there exists an open neighborhood U of x such that the
restriction Qx y (= Quyy) is free of rank d.

Theorem 4.43. Let k be an algebraically closed field, and let X be an
irreducible k-scheme of finite type. Let d = dim X. Then X is smooth over
k if and only if Qx . is locally free of rank d.
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Proposition 4.44. Let f: X — S be smooth of relative dimension d
at x € X. Then there exists an open neighborhood U of x such that the
restriction U — S of f to U is formally smooth.

Theorem 4.45. Let f: X — Y be a morphism locally of finite presentation
(e.g., if Y is noetherian and f is locally of finite type). Then f is smooth if
and only if f is formally smooth.

We skip the proof that smoothness implies formal smoothness, see for
instance [Bo] Ch. 8.5. (But cf. the previous proposition which shows that a
smooth morphism is at least “locally formally smooth”.)
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5. PROJECTIVE SCHEMES *

(5.1) The Proj construction.

Reference: [GW1] Ch. 13.

Definition 5.1.

(1) A graded ring is a ring A with a decomposition A = @~ Aa as abelian
groups such that Ag- Ae C Agye for all d,e. The elements of Ay are
called homogeneous of degree d.

(2) Let R be a ring. A graded R-algebra is a graded ring A together with a
ring homomorphism R — A.

(3) A homomorphism A — B of graded rings (or graded R-algebras) is a ring
homomorphism (or R-algebra homomorphism, respectively) f: A — B
such that f(Aq) C By for all d.

(4) Let A be a graded ring. A graded A-module is an A-module M with a
decomposition M = @ ., My such that Aq- M. C Mg for all d,e. The
elements of My are called homogeneous of degree d.

(5) A homomorphism M — N of graded A-modules is an A-module homo-
morphism f: M — N such that f(Mg) C Ny for all d.

(6) Let A be a graded ring and let M be a graded A-module. A homogeneous
submodule of M is a submodule N € M such that N = @ o, (N N My).
In this way, N is itself a graded A-module and the inclusion N — M is
a homomorphism of graded A-modules. (And conversely, every injective
homomorphism of graded A-modules has a homogeneous submodule as its
image.) A homogeneous submodule of A is called a homogeneous ideal.

Example 5.2. Let R be a ring. Then the polynomial ring R[Tp, ..., Ty]
is a graded R-algebra if we set R[Tp,...,T,|q to be the R-submodule of
homogeneous polynomials of degree d.

We now fix a graded ring A.
For a homogeneous element f € A., and a graded A-module M, the
localization M} is a graded A-module via

m
Myq = {ﬁ; m € Mgyei}

Applying this to A as an A-module, we obtain a grading on Ay giving A,
the structure of a graded ring. Then My is a graded A -module.
We define
Mgy = Mg,
the degree 0 part of My. Then Ay is a ring and M) is an A(p-module.

Example 5.3. Let R be a ring. Then

R[To,. .., Tulry = RI72, ..., =21,
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Definition 5.4. We write A, := @, Aa, an ideal of A. A homogeneous
prime ideal p C A is called relevant if AL € p.

Definition 5.5. We denote by Proj(A) the set of all relevant homogeneous
prime ideals of A. We equip Proj(A) with the Zariski topology, by saying
that the closed subsets are the subsets of the form

Vi(I) := {p € Proj(A); I C p}.
for homogeneous ideals I C A.
For a homogeneous element f, we write D (f) := Proj(A4) \ V4(f).
Lemma 5.6. Let f € A be a homogeneous element. Then the map
Dy(f)— Spec Ay, P> (pAf) N Aepy

is a homeomorphism.

Proposition 5.7. There is a unique sheaf O of rings on Proj(A) such that
I'(D4(f), 0) = A

for every homogeneous element f € A and with restriction maps given by
the canonical maps between the localizations. The ringed space (Proj(A), 0)
is a separated scheme which we again denote by Proj(A).

Definition 5.8. Let R be a ring, and let X be an R-scheme. We say that
X is projective over R (or that the morphism X — Spec R is projective), if
there exist n > 0 and a closed immersion X — P of R-schemes.

Theorem 5.9. Let R be a ring, and let X be a projective R-scheme. Then
X is proper over R.

(5.2) Quasi-coherent modules on Proj(A).

Let A be a graded ring, X = Proj A. If M is a graded A-module, there is
a unique sheaf M of &x-modules such that

T(D(f), M) = M)

for every homogeneous element f € A, and such that the restriction maps
for inclusions of the form D4 (g) € D, (f) are given by the natural maps
between the localizations. This sheaf is a quasi-coherent O'x-module.

Example 5.10. Let A(n) be the graded A-module defined by A(n) =

Dicz Anva- We set Ox(n) = A(n). If A = R[Iy,...,T,] for a ring R, so
that X = P’%, then this notation is consistent with our previous definition.
For f € Ay, multiplication by f* defines an isomorphism

Oxp, () — Ox(M)|D, (p)-
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In particular, if A is generated as an Agp-algebra by Aj, then Ox(n) is a
line bundle.

Assume, for the remainder of this section, that A is generated as an
Ap-algebra by A1. So X =;cq, D+(f), and Ox(n) is a line bundle.

For an Ox-module &, write .7 (n) := . ®¢y, Ox(n), and define a graded
A-module T, (%) by

I.(F) =X, #(n)).

Lemma 5.11. For a graded A-module M, there is a natural map M —

F*(M) For an Ox-module .7, there is a natural map U's(F) — F. If F is
quasi-coherent, then the latter map is an isomorphism.

Call a graded A-module M saturated, if the map M — T',(M) is an
isomorphism.

Proposition 5.12. The functors M — M and F — I'W(F) define an
equivalence of categories between the category of saturated graded A-modules
and the category of quasi-coherent Ox-modules.
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6. COHOMOLOGY OF Ox-MODULES

General references: [We], [HY], [Gr], [KS], [GW?2].

The formalism of derived functors.

(6.1) Complexes in abelian categories.

Reference: [We] Ch. 1, [GW2] App. F.

Let A be an abelian category (e.g., the category of abelian groups, the
category of R-modules for a ring R, the category of abelian sheaves on
a topological space X, the category of Ox-modules on a ringed space X,
or the category of quasi-coherent x-modules on a scheme X; see [GW?2]
Section (F.7)).

A complex in A is a sequence of morphisms

Al 4 g AT i

in A (i € Z), such that d"*! o d’ = 0 for every i € Z. The maps d' are
called the differentials of the complex.

Given complexes A®, B®, a morphism A®* — B® of complexes is a family
of morphisms f*: A* — B? such that the f* commute with the differentials
of A®* and B® in the obvious way. With this notion of morphisms, we obtain
the category C(A) of complexes in 4. This is an abelian category (kernels,
images, ..are formed degree-wise); see [We] Thm. 1.2.3.

Definition 6.1. Let A® be a complex in A. For i € Z, we call
HY(A®) := Ker(d")/im(d"™ 1)

the i-th cohomology object of A®. We obtain functors Hi: C(A) — A.
We say that A® is exact at i, if H'(A®) = 0. We say that A® is exact, if
H'(A®) =0 for alli.

Remark 6.2. Let 0 =& A®* — B®* — C* — 0 be a sequence of morphisms
of complexes. The sequence is exact (in the sense that at each point the
kernel and image in the category C'(A) coincide) if and only if for every i,
the sequence 0 — A — B* — C" — 0 is exact.

Proposition 6.3. [We|] Thm. 1.3.1 Let 0 - A* — B®* — C* — 0 be
an exact sequence of complexes in A. Then there are maps 6*: H'(C*®) —
H*1(A®) (called boundary maps) such that, together with the maps induced
by functoriality of the H', we obtain the long exact cohomology sequence

.- H'(A®) - HY(B*) — H(C®) = H(A*) — --.
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We need a criterion which ensures that two morphisms between complexes
induce the same maps on all cohomology objects. See [We| 1.4.

Definition 6.4. Let f,g: A* — B*® be morphisms of complezes. We say
that f and g are homotopic, if there exists a family of maps k*: A* — B~
1 € 7, such that
f—g=dk+ kd,
which we use as short-hand notation for saying that for every i,
fi — gi = dgl ok!+ktlo df4.
In this case we write f ~ g. The family (k'); is called a homotopy.

Proposition 6.5. Let f,g: A* — B® be morphisms of complezes which are
homotopic. Then for every i, the maps H'(A®) — H"(B®) induced by f and
g are equal.

In particular, if A® is a complex such that id4e ~ 0, then H*(A®) = 0 for
all 4, i.e., A® is exact.
Definition 6.6. Let A® and B® be complexes. We say that A® and B® are
homotopy equivalent, if there exist morphisms f: A®* — B® and g: B® — A®

of complexes such that go f ~ida and fog ~idp. In this case, [ and g
induce isomorphisms H'(A*) = H*(B®) for all i.

(6.2) Left exact functors.

Let A, B be abelian categories. All functors F': A — B that we con-
sider are assumed to be additive, i.e., they induce group homomorphisms
Hom 4 (A, A") — Homp(F(A), F(A")) for all A, A" in A.

Definition 6.7. A (covariant) functor F: A — B is called left exact, if for
every short exact sequence 0 — A’ — A — A" — 0 in A, the sequence

0— F(A') — F(A) — F(A”)
18 exact.

Definition 6.8. A contravariant functor F': A — B is called left exact if
for every short ezact sequence 0 — A" — A — A” — 0 in A, the sequence

0— F(A") — F(A) —» F(A)
is exact.

Similarly, we have the notion of right exact functor. A functor which is left
exact and right exact (and hence preserves exactness of arbitrary sequences)
is called exact.

Let Ap € A. Then the functors A — Hom 4(A, Ag) and A — Hom4(Ap, A)
are left exact.
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(6.3) )-functors.
Reference: [We] 2.1, [GW2] Section (F.48).

Let A, B be abelian categories.

Definition 6.9. A §-functor from A to B is a family (T%);>o of functors
A — B together with morphisms §': T*(A”) — T**1(A’) (called boundary
morphisms) for every short exact sequence 0 — A" — A — A" — 0 in A,
such that the sequence

0— 1A = TO(A) —» T°(A") - T(A) — -

is exact, and such that the §' are compatible with morphisms of short exact
sequences in the obvious way.

Definition 6.10. A §-functor (T%); from A to B is called universal, if for
every 0-functor (S%); and every morphism fO: T° — SO of functors, there
exist unique morphisms fi: T* — S* of functors for al i > 0, such that the
ft, i >0 are compatible with the boundary maps 6° of the two -functors for
each short exact sequence in A.

The definition implies that given a (left exact) functor F, any two universal
d-functors (T%);, (T'"); with 70 = T"Y = F are isomorphic (in the obvious
sense) via a unique isomorphism.

Definition 6.11. A functor F': A — B is called effaceable, if for every X
in A there exists a monomorphism v: X — A with F(1) = 0.

A particular case is the situation where each X admits a monomorphism
to an object I with F'(I) = 0.

Proposition 6.12. ([We] Thm. 2.4.7, Ex. 2.4.5.) Let (T"); be a 6-functor
from A to B such that for every i > 0, the functor T" is effaceable. Then
(T"); is a universal d-functor.

(6.4) Injective objects.

Let A be an abelian category.

Definition 6.13. An object I in A is called injective, if the functor
X — Homy (X, I) is exact.

If I is injective, then every short exact sequence 0 —+ I — A — A” — 0 in
A splits. Conversely, if I is an object such that every short exact sequence
0—1—A— A” — 0 splits, then [ is injective.

Definition 6.14. Let X € A. An injective resolution of X is an exact
sequence
0=X =11 =17 ...
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in A, where every I' is injective.

Definition 6.15. We say that the category A has enough injectives if for
every object X there exists a monomorphism X < I from X into an injective
object 1. Equivalently: Fvery object has an injective resolution.

Remark 6.16.

(1) The categories of abelian groups, of R-modules for a ring R, of abelian
sheaves on a topological space, and more generally of &'x-modules on a
ringed space X all have enough injective objects. For these categories,
it is not too hard to show this statement directly (for &'x-modules on a
ringed space X, e.g., see [H| Proposition II1.2.2). Alternatively, one can
show that they all are “Grothendieck abelian categories”, and that those
have enough injective objects (see [GW2] Sections (F.12), (21.2)).

(2) Dually, we have the notion of projective object (i.e., P such that Hom 4 (P, —)
is exact), of projective resolution - -- — Py — Py — A — 0, and of abelian
categories with enough projective objects. For a ring R, the category
of R-modules clearly has enough projectives, since every free module is
projective, and every module admits an epimorphism from a free module.
Categories of sheaves of abelian groups or &'x-modules typically do not
have enough projectives.

Lemma 6.17. ([We] Theorem 2.3.7, see also Porism 2.2.7) Let A be an
abelian category and let f: A — B be a morphism in A. Let I' € A be
injective, i > 0, and let 0 - A — A” = Al — ... be exact with A* € A.
Then there exists a morphism g: A®* — I°® of complexes such that the diagram

0 A Al Al
|
0 B 10 I

is commutative, and g is uniquely determined up to homotopy.

Lemma 6.18. (cf. [We] Lemma 2.2.8, “Horseshoe lemma”) Let 0 — A; —
Ay — A3 — 0 be an exact sequence in an abelian category A. Let 0 —
Ay = It and 0 — Az — I3 be injective resolutions. Let I§ := Ii x I} and
define As — 1 by using the composition As — Az — I3 and lifting the map
Ay — 19 to a map Az — 13, using the injectivity of Iz. Then we obtain an
injective resolution 0 — A — I3, and a term-wise split short exact sequence

0— 1 — 15— 13—0

of complexes.

(6.5) Right derived functors.
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Theorem 6.19. Let F': A — B be a left exact functor, and assume that A
has enough injectives.
For each A € A, fiz an injective resolution 0 — A — I°®, and define

R'F(A) = HY(F(I*)), i >0,

where F(I®) denotes the complex obtained by applying the functor to all I
and to the differentials of the complex I®. Then:

(1) The R'F are additive functors A — B, and R'FX is independent of the
choice of injective resolution of X up to natural isomorphism.

(2) We have an isomorphism F = ROF of functors.

(3) For I injective, we have R'FI =0 for all i > 0.

(4) The family (R'F); admits natural boundary maps making it a universal
d-functor.

We call the R'F the right derived functors of F.

Remarks on the proof. For part (1), the main ingredient is Lemma
Parts (2) and (3) are easy. To construct the boundary maps giving rise to
long exact cohomology sequences in Part (4), use Lemma since the
exact sequence 0 — I7 — I3 — I3 — 0 is term-wise split, the exactness is
preserved when applying the functor F'. Finally, this §-functor is effaceable
by (¢) and hence universal. O

Definition 6.20. Let F' be a left exact functor as above. We say that an
object A € A is F-acyclic, if R'F(A) =0 for all i > 0.

Definition 6.21. Let F be a left exact functor as above, and let A € A.
An F-acyclic resolution of A is an exact sequence 0 - A — JO — Jt — ...
where all J* are F-acyclic.

Proposition 6.22. Let F be a left exact functor as above, and let A € A.
Let 0 = A — J% = J' — ... be an F-acyclic resolution. Then we have
natural isomorphisms R'F(A) = HY(F(J*)), i.e., we can compute R'F(A)
by an F-acyclic resolution.

Sketch of the proof. The assertion is easy to see for i = 0. For ¢ = 1, note
that Ker(F(J') — F(J?)) = F(J°/A) by the left exactness of F. From this,
one gets R'F(A) = HY(F(J*)).

From the long exact cohomology sequence attached to the short exact
sequence 0 -+ A — J° — J%/A — 0, we get isomorphisms R'F(J?/A) =
R™MF(A) for i > 1. Since 0 — J°/A — J! — ... is an acyclic resolution of
JO/A, we get

Ri-‘rlF(A) ~ RZF(JO/A) ~ HH_l(F(J.)),

where the second isomorphism holds by induction. (Il
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(6.6) Derived categories.

Sometimes it is useful to employ the language of derived categories which
gives rise to a notion of derived functor RF' that contains slightly more
information than the family (R'F); discussed above (for a left exact functor
F: A— B). In fact, RF attaches to each object of A, and more generally to
each complex A in C(A), a complex RF(A) (up to some equivalence relation;
more precisely, an object RF(A) € D(B) in the derived category of B) whose
cohomology objects are the R'F(A), i.e., H(RF(A)) = R'F(A).

See [GW2] (and the references given there) for a systematic treatment:
Appendix F for the general theory, in particular Sections (F.37) for the
definition of the derived category of an abelian category, (F.42), (F.43), (F.44)
for the notion of derived functor, (F.48) for a comparison with the notion
of §-functor defined above, Chapter 21 for general results on cohomology
of Ox-modules on a ringed space X (specifically, the derived functors of
the global section and direct image functors), Chapter 22 for cohomology of
quasi-coherent 'x-modules on a scheme X, Chapter 23 for cohomology of
proper schemes and the derived direct image functor of a proper morphism.
While in these chapters one sometimes obtains stronger or clearer statements
using derived categories, for a large part the key arguments are exactly
the same as with the “naive approach” using derived functors that we will
take. In Chapter 24 on the theorem on formal functions and in particular
in Chapter 25 on Grothendieck duality, the machinery of derived categories
really shows its full power (but it is unlikely that we will get there in this
class).

Cohomology of sheaves.

General reference: [H] Ch. Ill, [Stacks], [GW2] Chapter 21.

(6.7) Cohomology groups.

Let X be a topological space. Denote by (Abx) the category of abelian
sheaves (i.e., sheaves of abelian groups) on X. We have the global section
functor

I': (Abx) — (Ab), ZF—T(X,.7),
to the category of abelian groups. This is a left exact functor, and we

denote its right derived functors by H'(X,—). We call H(X,.7) the i-th
cohomology group of X with coefficients in % .

Example 6.23. For a field k, H' (P}, 0(-2)) # 0.
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(6.8) Flasque sheaves.

Reference: [GW2] Section (21.7).

Definition 6.24. Let X be a topological space. A sheaf F on X is called
flasque (or flabby ), if all restriction maps F(U) — F(V) for V. C U C X
open are surjective.

For the next lemma, we use the extension by zero functor: Let j: U — X
be the inclusion of an open subspace into a topological space X (similarly
one can work with an open immersion of ringed spaces). For an abelian sheaf
% on U we define j1.% as the sheafification of the presheaf

ar : C
Vi F(V) ifVC ,U7
0 otherwise.

We obtain a left adjoint to the restriction functor j*.

Lemma 6.25. Let X be a ringed space. Let F be an injective object in the
category of Ox-modules. Then F is flasque.

Sketch of proof. Identify .#(U) = Hom(jy10y,.F), where jy: U — X is
the inclusion of an open subset U into X, and jy, is the extension by zero
functor, using the adjunction between ji; and j;. O

Proposition 6.26. Let X be a topological space, and let Z be a flasque
abelian sheaf on X. Then F is I'-acyclic, i.e., H'(X,.%) =0 for all i > 0.

Proof. Given a flasque sheaf .%; embed it into an injective abelian sheaf and
use the results of Problem 40 and dimension shift. [l

Corollary 6.27. Let X be a ringed space. The right derived functors of
the global section functor from the category of Ox-modules to the category of
abelian groups can naturally be identified with H (X, —).

It follows that for an Ox-module F the cohomology groups H (X,.F) carry
a natural T'(X, Ox)-module structure.

(6.9) Grothendieck vanishing.

Reference: [H] I11.2, [GW2] Section (21.12).

Lemma 6.28. Let X be a topological space, and let1:' Y — X be the inclusion
of a closed subset Y of X. Let % be an abelian sheaf on X. Then there are
natural isomorphisms

HYY,Z)=H"(X,1.7), i>0.

Sketch of proof. Use that ¢, preserves the property of being flasque, and that
the cohomology groups can be computed using a flasque resolution. O



ALGEBRAIC GEOMETRY 2, SS 23 69

Proposition 6.29. Let X be a noetherian topological space, and let (F;);
be a filtered inductive system of abelian sheaves on X. Then the natural
homomorphism

colim H"(X, %#;) — H"(X, colim .%)
(2 (2
is an isomorphism for all n > 0.

Sketch of proof. First show the statement for global sections, i.e., for n = 0.
Since filtered colimits are exact, both sides give §-functors from the abelian
category of inductive systems of abelian sheaves to the category of abelian
groups. To conclude the proof, it is enough to show that they are both
effaceable (because this implies they are universal, and universal J-functors
are determined by their O-th term).

To show effaceability, take a system (.%;); and consider functorial flasque
resolutions of the .%; (such as the Godement resolution). Since filtered
colimits are exact and, on noetherian spaces, preserve flasqueness, this gives
rise to a flasque resolution of colim.%#;. With this at hand, it is not hard to
finish the proof. U

Let X be a topological space, U C X open and Z = X \ U its closed
complement. Denote by j: U — X and i: Z — X the inclusions. Recall
the extension by zero functor j;: (Aby) — (Abx) (which is left adjoint to
the pull-back j~!). From this adjunction and the one between i* and i, we
obtain the maps in the short exact sequence

0= j(Fu) = F = i(Fz) =0
of abelian sheaves on X. The exactness can be checked on stalks where it is

clear.

Theorem 6.30. (Grothendieck) Let X be a noetherian topological space
(i.e., the descending chain condition holds for closed subsets of X ), let
n=dim X, and let % be a sheaf of abelian groups on X. Then

HY(X,Z)=0 foralli>n.

Proof. The proof is omitted in these notes. It consists of a series of reduction
steps using the above ingredients, ultimately reducing to the fact that the
cohomology of the constant sheaf Zx on an irreducible space vanishes in
positive degrees (since there a constant sheaf is flasque). See the references
given above for more. O

Cech cohomology.

Reference: [GW2] Sections (21.14) to (21.17), [H] 111.4, [Stacks| 01ED (and
following sections); a classical reference is [Go].
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(6.10) Cech cohomology groups.

Let X be a topological space, and let .# be an abelian sheaf on X. (The
definitions below can be made more generally for presheaves.)

Let % = (U;)ier be an open cover of X. We fix a total order of the index
set I (but see below for a sketch that the results are independent of this).
For ig,...,ip € I, we write Uy,._i, :=(Yo_o Ui, -

We define

cr . 7)= 1] TWUi.i,»F)
i< <

and

v=0 i

p+1
d: CP(U,F) = C**" U, T), (s)i— <Z(_1)U‘Sio 5 ip|w> ’

where ~ indicates that the corresponding index is omitted. One checks that
dod =0, so we obtain a complex, the so-called Cech complex for the cover
U with coefficients in F.

Definition 6.31. The Cech cohomology groups for % with coefficients in
Z are defined as

0P, 7) = HP(C*(U, F)), p=>0.

Since .Z is a sheaf, we have H)(%,.7) =T(X,.Z) = H(X,.Z). In fact,
a presheaf % is a sheaf if and only if for all open subsets U C X and all
covers % of U the natural map I'(U, %) — H%(%,.7) is an isomorphism.

(6.11) The “full” Cech complex.

Instead of the “alternating” (or “ordered”) Cech complex as above, we can
also consider the “full” Cech complex

C?(%,g) = H F(Uio...ipay%
10,eenslp

with differentials defined by the same formula as above. Then the projection
C’;(OZ/ , F) — C*(%,F) is a homotopy equivalence, with “homotopy inverse”
given by

(si)i = (ti)i,
where t; = 0 whenever two entries in the multi-index ¢ coincide, and otherwise
t; = sgn(0)sy(;), where o is the permutation such that (i) is in increasing
order.
In particular, we have natural isomorphisms between the cohomology
groups of the two complexes. So we also see that the Cech cohomology

groups as defined above are independent of the choice of order on I.
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(6.12) Passing to refinements.

Definition 6.32. A refinement of a cover % = (U;); of X is a cover
V = (Vj)jes (with J totally ordered) together with a map X: J — I respecting
the orders on I and J such that V; C Uy for every j € J.

Given a refinement ¥ of %, one obtains a natural map (using restriction
of sections to smaller open subsets)

0w, F) — HP(V, 7).

We can pass to the colimit over all these maps given by refinements, and
define

HP (X, ) := colim HY (%, F),

the p-th Cech cohomology group of X with coefficients in % . More precisely,
we here take the colimit over the category of refinements (see [GW2| Sec-
tion (F.3)). Working with the full Cech complex, one can view this as a
colimit over a partially ordered set “as usual”, for the cohomology groups and
even for the Cech complexes, if one considers them in the homotopy category
(i.e., the map between complexes attached to a refinement is independent
of A up to homotopy), cf. [GW2] Section (21.16), also for the discussion of
set-theoretic issues.

Proposition 6.33. Let 0 — %' — .F — %" — 0 be a short exact sequence
of abelian sheaves on X. Then there exists a homomorphism §: T'(X, Z") —
HY(X,Z") such that the sequence

0-I'(X, 7)) =T(X,7) - T(X, 7"
—HY(X, 7)) - AY(X,7) - H' (X, 7")

is eract. (But note that the sequence does not continue after H (X, F").)

Proof. This can be checked “directly”. For instance, to construct the con-
necting homomorphism §, take an element s € T'(X, . #"”). Locally on X, we
can lift it to sections of .7, so we obtain an element (s;); € C1(%,F). Its
image (s;;)i; in C*(%, %) will usually be different from 0 (in fact it is =0
if and only if s is in the image of ['(X,.%)), but has image 0 in C*(%,.Z"),
and hence comes from an element (t;;);; € C*(%,.#'). Then (t;);; has
image 0 in C3(%,.7') (because that is obviously true in C3(%,.#) and the
morphism .#’ — .Z is injective), and so gives rise to a class in HY(%,.%").
Its image in H'(X,.%') is the image of s under §. One checks that this
procedure is independent of choices and gives rise to the exact sequence in
the proposition. ([l
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(6.13) Comparison of cohomology and Cech cohomology.

In degrees 0 and 1, cohomology and Cech cohomology coincide. For degree
0, we have already shown this, so we proceed to the case of degree 1. We
start with some preparations.

We define a sheaf version of the Cech complex as follows:

. F)= |1 i Fu)
i=(io<--<ip)

with differentials defined by (basically) the same formula as above. Here j;
denotes the inclusion U; — X.

We have a natural map .# — €°(%,.%), which on an open V is given by
s = (S|u,nv )i-
Proposition 6.34. The sequence 0 — F — €U, F) — € (U, F) —

- 15 ezact.

Proof. The exactness can be checked on stalks, and one can show that for
each point of X, the stalks of the above complex form a complex that is
homotopy equivalent to 0. We omit the details. (]

Proposition 6.35. If . is flasque, then all CP(U,F) are flasque, and
HP(%,%)=0 for all p > 0.

Proof. 1t is not hard to check that the sheaves €P(%,.%) are flasque, since
all the constructions involved preserve flasqueness.
We then obtain

0P (%, F) = HP(D(¢*(%, F))) = HP (X, F) = 0,

where the second equality holds since €* (%, %) is a flasque resolution of .#
by the above, and the third one follows since % itself is flasque. ([

Proposition 6.36. Let X be a topological space and let % be an abelian

sheaf on X.

(1) Let % be an open cover of X. For every i, there is a natural map
H (%,7F)— H(X, 7).

(2) These maps are compatible with refinements, so we obtain a natural map
HY(X,.7) — HYX,F). These maps are functorial in .F.

(3) Fori=0,1, the natural map H (X, F) — H(X,.F) is an isomorphism.

Proof. Part (1) follows from Proposition applied to the resolution
C* (%, F) of F and any injective resolution. We omit the proof of Part (2).

For Part (3), it remains to consider the case i = 1. Embed .# into a flasque
sheaf 4. We obtain short exact sequences

"X, 9) - T(X,9/7) - H(X,Z) =0
by Proposition [6.33| Proposition [6.35] and
X, 9) - T(X,9)F) - H(X,F) =0
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since flasque sheaves are I'(X, —)-acyclic. The statement follows from this.
O

One can also show that the natural map H?(X,.%) — H?*(X,.7) is always
injective.

The following result will allow us to compute cohomology groups of sepa-
rated schemes with coefficients in quasi-coherent modules as Cech cohomology.

Theorem 6.37. (Cartan’s Theorem) Let X be a ringed space, and let & be

a basis of the topology of X which is stable under finite intersections. Let

F be an Ox-module. Assume that H'(U,.Z) = 0 for allU € % and i > 0.

Then

(1) we have H (U, F) =0 for allU € & and i > 0,

(2) The natural homomorphisms H\(% , F) — H'(X,.F) are isomorphisms
for all i > 0 and all covers % of X consisting of elements of 4.

(3) The natural homomorphisms H (X, F) — H'(X,.F) are isomorphisms
for all i > 0.

See e.g., [Go| IT Thm. 5.9.2, [Stacks| 01EQ or [GW2] Section (21.17).
Cohomology of affine schemes.

General references: [H] Ch. Ill, [Stacks|, [GW2] Chapter 22.

(6.14) Vanishing of cohomology of quasi-coherent sheaves on affine
schemes.

Theorem 6.38. Let X be an affine scheme, and let Z be a quasi-coherent
Ox-module. Then H'(X,.%) =0 for alli > 0.

Proof. Tt is enough to show that H*(%,.%) = 0 for all covers % of X by
principal open subsets. This can be proved using “direct computation”
(see |[GWI] Lemma 12.33), or can be viewed as a consequence of the the-
ory of “faithfully flat descent” (specifically Problem 37, see also |[GWI]
Lemma 14.64). O

From this theorem, it follows immediately (using the above results) that
HY(X,#) =0 for X affine and .# quasi-coherent. In particular, the global
section functor on X preserves exactness of every short exact sequence where
the left hand term is a quasi-coherent &'x-module. But using Cartan’s
Theorem, Theorem we get more:

Theorem 6.39. Let X be an affine scheme, and let F be a quasi-coherent
Ox-module. Then H'(X,.%) =0 for alli > 0.
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Theorem 6.40. Let X be a separated scheme, and let % be a cover of X by
affine open subschemes. Let ZF be a quasi-coherent Ox-module. Then the
natural homomorphisms H' (% , ) — H'(X,F) are isomorphisms for all
1> 0.

Remark 6.41. For X noetherian, the use of Cartan’s Theorem can be
avoided by using the result (see [H] II1.3) that for a noetherian ring A,
X = Spec A, and [ an injective A-module, the &x-module Tisa flasque
Ox-module.

Together with the fact that for an affine scheme X the global section
functor is exact on the category of quasi-coherent &'x-modules, this gives
the vanishing of H(X,.%) for X affine, .# quasi-coherent and i > 0.

It also implies that any quasi-coherent &'x-module on a noetherian scheme
can be embedded into a flasque quasi-coherent sheaf. From this one can
prove Theorem [6.40]

See [H] III.3, Theorem III.4.5; cf. also [GW2] Section (22.18).

Corollary 6.42. Let X be a separated scheme which can be covered by
n+ 1 affine open subschemes. Then H'(X,.7) =0 for every quasi-coherent
Ox-module F and every i > n.

Lemma 6.43. Let X be a scheme. For f € I'(X, Ox) write
Xp={r e X; f(z) £0€ na)},

an open subset of X which we consider as an open subscheme.

If there exist fi1,..., fn € T'(X, Ox) such that Xy, is affine fori=1,...,n
and such that fi,..., fn generate the unit ideal in the ring I'(X, Ox), then
X is affine.

Theorem 6.44. (Serre’s criterion for affineness) Let X be a quasi-compact
scheme. The following are equivalent:

(i) The scheme X is affine.

(ii) For every quasi-coherent Ox-module F and every i >0, H'(X,.7) = 0.
(iii) For every quasi-coherent ideal sheaf & C Ox, HY(X,.%) = 0.

Proof. See [H] Theorem II1.3.7 or [GW1] Theorem 12.35. O

Cohomology of projective schemes.

(6.15) The cohomology of line bundles on projective space.

References: [H] I11.5, [GW2] Section (22.6), [Stacks] 01XS.

Using Cech cohomology, we can compute the cohomology of line bundles
on projective space. It is best to aggregate the results for all &(d), as we
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have already seen for their global sections, a result which we repeat as the
first statement below.

Theorem 6.45. Let A be a ring, n > 1, S = A[Ty,...,T,], X = P7.
Then

(1) There is a natural isomorphism S = @ ., H*(X, 0(d)).

(2) Fori+# 0,n and all d € Z we have H/(X, 0(d)) = 0.

(3) There is a natural isomorphism H™(X,0(—n — 1)) = A.

(4) For every d, there is a perfect pairing

HYX,0(d)) x HY(X,0(—d —n —1)) = H"(X,0(—n — 1)) = A,
i.e., a bilinear map which induces isomorphisms
HO(X7 ﬁ(d)) = Hn(Xa ﬁ(_d -—n- 1))\/

and
HY(X,0(d)Y 2 H"(X,0(—d —n — 1))
(where — = Hom 4 (—, A) denotes the A-module dual).

Sketch of proof. We compute the cohomology groups as Cech cohomology
groups for the standard cover % = (Di(T;)); of P%. It simplifies the
reasoning to do the computation for all £(d) at once, i.e., to compute the
cohomology groups of .7 := @, 0(d) (and to — implicitly — keep track
of the grading by d). Since cohomology is compatible with direct sums
(cf. Proposition we proved that for noetherian schemes, but it holds
more generally for quasi-compact separated schemes, cf. [GW2] Corollary
21.56), this also gives the result for the individual &(d).
The Cech complex C*(% ,.F) is

0— HSTz — HSTiTj — s = STO"‘Tn —0
i 12
(with non-zero entries in degrees 0, ...,n), cf. the computation of the global

sections of the sheaves & (d), Proposition Also note that that proposition
proves Part (1) of the theorem here. From this, we see that we can identify

H'Py, 7)= @ A 10T c STyt T,

10 y-nnyin <O

This easily implies Parts (3) and (4).

It remains to prove the vanishing statement of Part (2) for 0 < i < n. We
do this by induction on n. Note that in view of Part (1), all the cohomology
groups H'(P?%,.7) carry a natural S-module structure.

First note that for the localization we have H'(P%, #)r, = 0. In fact,
this localization is the i-th cohomology group of the localized Cech complex
C*(% , 7)1, which computes the cohomology H*(D(T,), #p, (t,)) Which
vanishes in positive degrees. Therefore it suffices to show that multiplication
by Ty, is a bijection H!(P%, #) — H'(P%,.7) for all 0 < i < n.
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The global section T,, € H O(IP”;‘, O(1)) gives rise to a short exact sequence
0— ﬁ(—l) — ﬁpg — ﬁv+(Tn) — 0,
and tensoring with the locally free module .# we obtain a short exact sequence
0> F@0(-1)—F —F =0
where F' = .7 ®g¢,, Oy, (1, is (the push-forward from V, (T;,) = P! to
A
P%,) of the sheaf analogous to .# on P'; 1.
Multiplication by T;, € I'(P";, €(1)) gives an isomorphism .# ® 0'(—1) — Z.

Therefore the long exact cohomology sequence attached to the above short
exact sequence can be written as

o HY(PY, ) —» H(PY,F) —» H(PU LT ) — -

where the maps H'(P%, #) — H!(P7%,.7) are given by multiplication by
T, (i.e., what we want to show is that these maps are isomorphisms). The
induction hypothesis together with Lemma([6.28|and the observations that the
map HO(P%, F) — HO(P !, #') is surjective (cf. Part (1)) and that the map
H=Y Pt #') — H™(PY, ) is injective, then allow us to conclude. For
the injectivity cf. the above proof for Part (3). Looking at individual graded
pieces of H"~H(P%~!, .#') and the kernel of H™(P%, #) — H"(P%, ), we
have a surjective homomorphism of free A-modules of the same rank which
is necessarily an isomorphism. (The kernel of H"(P}, #) — H" (P}, #) is
the free A-module spanned by all monomials of the form T, 80 SRR S
with all 7, < 0.) O

Remark 6.46. The homomorphism H"~ (P, #') — H™(P, F) at the
end of the proof of the previous theorem is given by mapping 75" - - -T:;":ll to
TSO TN 1. To verify this, one can use that the long exact cohomology

sequence for the short exact sequence 0 = .# ® 0(—1) - #F — .F' — 0 can

be computed in terms of Cech cohomology, namely as the long exact sequence
attached to the (exact!) sequence 0 — C*(%,.F @ O(-1)) = C*(%,F) —
C(%,F") — 0.

(6.16) Finiteness of cohomology of coherent ¢x-modules on projec-
tive schemes.

References: [H] I11.5; [GW2] Sections (23.1), (23.2).

Definition 6.47. Let X be a noetherian scheme. An Ox-module F is
called coherent, if it is quasi-coherent and of finite type.

Let A be a noetherian ring. For an Opr-module .7, we write 7 (d) :=
F ®py, O(d). We need the following general lemma.
A
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Lemma 6.48. Let X be a quasi-compact and separated scheme, let £ be an

invertible Ox-module, and let s € T'(X,.Z) be a global section. Let F be a

quasi-coherent Ox -module.

(1) Lett € I'(X,.F) be a global section such that t|x, = 0. Then there erists
an integer n > 0 such that t @ s*" =0 € (X, F @ ZL%").

(2) For every section t' € TI'(Xs, F) there exist n > 0 and a section t €
(X, 7 ® Z%") such that t|x, = t' @ s®".

Proof. If X is affine and . = Ox, then this follows immediately from
our results on quasi-coherent Ox-modules; namely we know that then
I'Xs, #) = I'(X, #)s. For the general case, let X = |J,U; be a finite
affine open cover such that #jy;, & Oy, for all i (and fix such isomorphisms).
Then (1) can be checked on each U; individually and thus follows from what
was said in the beginning. To prove Part (2), we construct ¢ by consider-
ing sections ¢; on the U; obtained from the restrictions {|;,nx,, using the
result in the affine case. The ¢; may not glue, but applying Part (1) to the
intersections U; N U; and the elements ¢;y,nu; — tjjv;nu; we find that for n
sufficiently large, the t; ® s®" will glue to a section of .# ® .£®". See [GW1]
Theorem 7.22 or [H| Lemma II.5.14 for more details. O

Proposition 6.49. Let A be a noetherian ring, n > 1, let X = P%, and let
F be a coherent Ox-module.

(1) There exist integers dy, ... ,ds and a surjective Ox-module homomorphism
n
Pow) - 7.
i=1

(2) For d sufficiently large, the Opr -module 7 (d) is globally generated, i.e.,
there exist N > 0 and a surjective homomorphism ﬁﬂ% — F(d).

Sketch of proof. 1t is easy to see that (1) and (2) are equivalent. We prove (2).

For i € {0,...,n}, #|p,(1,) has the form M; for some finitely generated

A[%’, ceey %]-module M;. For any s € M; = T'(D4(T;),.%), for d sufficiently
large, X{s extends to a global section of .% (d), by Lemma This implies
the claim. 0

Theorem 6.50. Let A be a noetherian ring, X be a projective A-scheme,
and let F be a coherent Ox-module. Then for all i > 0, the A-module
H'(X, %) is finitely generated.

Sketch of proof. Using Lemma we reduce to the case that X = P7.
By Proposition the vanishing result Corollary and descending
induction, we may further reduce to the case that .%# is a finite direct sum of
sheaves of the form &(d), but for these we already know the result. O
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At this point it is not hard to prove that higher derived images R’ f,.% of
a coherent O'x-module under a projective morphism f: X — Y are coherent
(see [H] IIL.8).

Another useful result is the following vanishing statement.

Proposition 6.51. Let A be a noetherian ring, .: X — Py a closed im-
mersion, £ = 1*Opn (1), and let F be a coherent Ox-module. For n € Z
we write F(n) = .F Qg L. Then there exists ng € Z such that for all
n >ng and all i > 0, we have H' (X, % (n)) = 0.

Sketch of proof. Using the projection formula (see below), one reduces to
the case X = P’. It is then clear from the above, that the statement holds
whenever .Z is a direct sum of line bundles &'(d). The general statement
follows from this by descending induction, similarly as above. ([

Proposition 6.52. (Projection formula) Let f: X — Y be a morphism of
schemes, let F be an Ox-module, and let 4 be an Oy -module. There is a
natural homomorphism

([+F) ®oy G — fou(F Ry [79)

which is an isomorphism if one of the following conditions is satisfied:

(1) ¢ is a locally free Oy -module,

(2) f is a closed immersion,

(3) .F and 94 are quasi-coherent, and for every affine open V.CY, f~1(V)
is affine,

(4) F and 9 are quasi-coherent, f is quasi-compact and separated, and &4
is a flat Oy -module.

Sketch of proof. The homomorphism is obtained formally using the adjunc-
tion between f* and f,. The statement that it is an isomorphism is local on
Y. Thus for (1), we may assume that ¢ is free, and then the claim is easy
to check. In situation (2) one can check that the homomorphism induces
an isomorphism on each stalk, and hence is an isomorphism. Under the
assumptions in (3), one may assume that Y and X are affine and the claim
then follows easily from the description of pushforward and pullback in this
case (Proposition . For further details, and for an argument to prove
the statement in case (4), see [GW2] Proposition 22.80. O

Serre duality.

(6.17) The Theorem of Riemann—Roch revisited.

References: [H] 1.7, IV.1; [GW2] Chapters 25, 26.
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Recall the Theorem of Riemann-Roch that we stated above (Theorem [3.44).
In this section, we prove a preliminary version, which also gives a more
conceptual view on the “error term” dim I'(X, 0(K — D)) (with notation as
above).

Let k be an algebraically closed field.

Definition 6.53. Let X be a projective k-scheme, and let F be a coherent
O'x-module. We call
X(F) =D (~1) dim H'(X,.7)
i>0

the Euler characteristic of % .

Note that the sum is finite (by the Grothendieck vanishing theorem,
Theorem and that each term is finite by the results of the previous
section.

Now let X/k be a smooth, projective, connected curve. Then (%) =
dimy, HY(X, #) — dim, H (X, 7).

The following theorem is the preliminary version of the Theorem of
Riemann—-Roch mentioned above.

Theorem 6.54. Let & be a line bundle on X. Then
X(&) = deg(Z) + x(Ox).

Sketch of proof. The statement is clear for £ = Ox. Since every line bundle
is isomorphic to the line bundle attached to a Weil divisor, it is therefore
enough to prove that for every closed point z € X, and every line bundle .
on X, we have
X(Z) = x(Z @0y Ox(—[2])) +1
We write Z(D) := £ ®¢, Ox(D) for any divisor D. The short exact
sequence
0— Ox(—[z]) = Ox = k(z) =0
remains exact after tensoring with .2, so we obtain a short exact sequence
0— Z(—[z]) > £ — k(z) = 0.

Since the Euler characteristic is additive in short exact sequences (use the long
exact cohomology sequence) and since x(k(z)) = 1, the claim follows. O

Now we can define the genus of X as g := 1 — x(0x) = dimy H' (X, Ox).
From the above, we immediately get

Corollary 6.55. (Theorem of Riemann) Let % be a line bundle on X.
Then
dimy, H°(X,.Z) > deg(£) +1 — g.

Furthermore, the Theorem of Riemann—Roch, Theorem follows from
the above result on Euler characteristics and the Serre duality theorem
(which however we cannot prove in this class).
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Theorem 6.56. (Serre duality) Let k be an algebraically closed field and
let X be a connected smooth proper k-scheme. (At this point we can take
smooth to mean that all local rings Ox , are reqular; in fact it is enough
to assume that X is Cohen-Macaulay, i.e., that all local rings of X are
Cohen-Macaulay rings.) There is a unique (up to isomorphism) coherent
Ox-module w, the so-called dualizing sheaf, such that for every locally free
Ox-module & of finite rank on X, there is a natural isomorphism

H'{(X,6) = H(X, 6 P ow)Y
of k-vector spaces (where —" denotes the dual k-vector space).

If X is smooth over k, then the dualizing sheaf is a line bundle and coincides
with the so-called canonical bundle, the top exterior power of the sheaf Qﬁ( Ik
of differentials of X over k, see Chapter

A fairly elementary approach in the case where X is projective is to prove
a similar duality theorem for the cohomology of line bundles on projec-
tive space P} (this we have basically done above, Theorem (4), with
w = 0(—n — 1)), and then to derive the statement for (certain) closed sub-
schemes of projective space; see [H] II1.7. A more general (but technically
more sophisticated) approach is to derive this duality result from the ex-
istence of a right adjoint functor f* of the derived push-forward functor
Rfi: Dycon(X) — Dgcon(Speck), where f: X — Speck is the structure
morphism and Dgeon(X) denotes the full triangulated subcategory of the
derived category D(X) of the category of &x-modules (and this generalizes
to the case of arbitrary proper morphisms f between noetherian schemes).
In fact, one shows that for X Cohen-Macaulay and equidimensional of di-
mension n the complex f*k is concentrated in degree —n, and we denote
by w the unique non-vanishing cohomology object. For every quasi-coherent
Ox-module .# and integer ¢ one then has

HY(X,Z)" = Homy(Rf..Zi], k) = Hom px)(F[i],w[n])
= Ext’%;i(f,w),

and if .7 is locally free of finite rank, then we can identify the right hand
side with

Ext%;i(ﬁx7§5v Koy w) = Hn_i<X, FV Qo w).

This approach also gives a result (in terms of the derived category) without
requiring that X be Cohen-Macaulay, and also for (proper) morphisms
f: X =Y where Y is not necessarily the spectrum of a field. See [GW2]
Chapter 25 for more on this and for further references.

As another application of Serre duality, we mention the following result.
The first part is named the Lemma of Enriques-Severi-Zariski. To name an
application, we note that this is one of the ingredients of the proof that every
regular proper surface over a field is projective (see [GW2| Theorem 25.151).
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The result still holds (but in Part (1) only for H!, as stated, while for
X Cohen-Macaulay one has an analogous result for all H, i < n) if the
assumption that X be Cohen-Macaulay is replaced by the assumption that X
is normal (i.e., for every non-empty affine open U C X, the ring I'(U, Ox) is
integrally closed in its field of fractions K (X)). On the other hand it is clear
that the assumption that X has dimension at least 2 cannot be dropped.

Theorem 6.57. Let K be an (algebraically closed) field, let X be an integral
Cohen-Macaulay (e.g., smooth) projective k-scheme and let v: X — P} be a
closed immersion of k-schemes.
Assume that dim X > 2.
(1) Fiz d> 0 and let & := " Opp(d). Let F be a coherent Ox-module. We
write F(n) := F Qg L, n € Z. Then forn < 0, H(X, Z(n)) = 0.
(2) Let f € k[Tv,...,Ty] be a non-constant homogeneous polynomial, and let
Z :=V,(f), a closed subscheme of P}. Then X N Z is connected.

Sketch of proof. Part (1) follows from Serre duality (Theorem and the
vanishing result of Proposition To prove Part (2), let d denote the
degree of f. We view Z as an effective Cartier divisor. Then Opn(Z) = 0(d).
We set . = 1*0(d) and F = Ox and apply Part (1) to find n such that
HY (X, #™™) = 0. Let Z, be the Cartier divisor n - Z (with associated line
bundle = &'(dn)). We then have a short exact sequence

0—>2"— Ox — Oxnzg, — 0,

where X N Z,, denotes the scheme-theoretic intersection of X and Z, i.e.,
Oxnz, = *Oz, . The underlying topological space of X N Z,, is independent
of n > 1 and equals the set-theoretic intersection X N Z. It is therefore
sufficient to show that the scheme X N Z,, is connected. But the above short
exact sequence induces, in view of the vanishing of H'(X,.#~") given by
Part (1), a surjective homomorphism I'(X, Ox) — I'(X, Oxnz,) of k-vector
spaces. Since I'(X, Ox) = k, it follows that I'(X, Oxnz,) = k, as well, and
in particular X N Z, is connected. See also [GW2] Section (25.28), [H]
Section III.7. (|
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