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Problem 17

Let X be a topological space, and suppose that X “
Ťn

i“1 Zi, where the Zi, i “

1, . . . , n, are closed irreducible subsets of X such that Zi Ę Zj for i ‰ j. Prove that
the Zi are precisely the irreducible components of X.

Problem 18

Determine the irreducible components of

Spec krX, Y, Zs{pXY,XZq

(in the form V paq for a an ideal of krX, Y, Zs{pXY, Y Zq).

Problem 19

(1) Let ψ : A Ñ B be an injective ring homomorphism between reduced rings. Show
that every minimal prime ideal of A is in the image of aψ. Give an example where
aψ is not surjective.

(2) Let φ : A Ñ B be a ring homomorphism, and let f : SpecB Ñ SpecA be the
map attached to φ. Assume that f is bijective and that f reflects specialization,
i.e., for x, x1 P SpecB we have fpx1q P tfpxqu if and only if x1 P txu. Show that
f is a homeomorphism.

Hint. In (2), we need to show that f is closed. Let b Ă B be a radical ideal. Apply
(1) to the ring homomorphism A{φ´1pbq Ñ B{b induced by φ and then use that f
reflects specialization to show that fpV pbqq “ V pφ´1pbqq.

Problem 20

Give an example of a continuous map f : X Ñ Y between topological spaces X and
Y which is bijective and compatible with specialization (i.e., for x, x1 P X we have
x1 P txu, if and only if fpx1q P tfpxqu) which is not a homeomorphism.


