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Problem 13

Let I be a directed partially ordered set. Let J < I be a cofinal subset, i.e., for
all ¢ € I there exists j € J with 7 > 1. We regard J as a partially ordered set by
restricting the partial order on I. Let (X;);c; be an inductive system indexed by 1.
We can then regard (X;);e; as an inductive system indexed by J. Prove that there
is a natural isomorphism

colim X; = C%ilm X;.
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Problem 14

Let I be a directed partially ordered set, let (X;); and (Y;); be inductive systems of
sets indexed by I, and let X and Y be the respective colimits. Let (u;: X; — Y;); a
morphism of inductive systems (i.e., a family of maps compatible with the transition
maps), and let u: X — Y be the induced map.

1. Show that if there exists i € I such that u; is injective for all j > 7, then u is
injective.

2. Show that if there exists ¢ € I such that u; is surjective for all j > ¢, then w is
surjective.

Problem 15

Let X be a topological space and let .# be a sheaf on X. Let U < X be an open
subset and s,t € % (U). Show that the set of x € U with s, = t, € %, is open in X.

Problem 16

Give an example of a topological space X, a surjective map .# — ¢ of sheaves on
X and an open U < X such that the map % (U) — ¢(U) is not surjective.



