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Problem 1

A non-empty topological space X is called irreducible, if it is not equal
to the union of two proper closed subsets.

1. Determine all topological spaces which are Hausdorff and irredu-
cible. (Recall that a topological space X is called Hausdorff, if for
any two points u, v P X, u ‰ v, there exist disjoint open subsets
U, V Ď X with u P U , v P V .

2. Let X be a non-empty topological space. Prove that the following
properties are equivalent:

(i) The space X is irreducible.

(ii) Every non-empty open subset U Ď X is dense in X (i.e., the
smallest closed subset of X containing U is X).

(iii) Every open subset U Ď X is connected. (A topological space
is called connected, if it cannot be written as the union of two
disjoint proper closed subsets.)

(iv) Any two non-empty open subsets of X have non-empty in-
tersection.

Problem 2

Let k be an algebraically closed field.

(a) Let n ě 1, f P krT1, . . . , Tns a polynomial such that fpt1, . . . , tnq “
0 for all t1, . . . , tn P k. Prove that f “ 0. Hint: You can use induc-
tion on n.

(b) Prove that kn (with the Zariski topology) is irreducible.



Problem 3

Let k be an algebraically closed field, and let d ě 1. We identify the
set of all monic polynomials fpXq “ Xd` td´1X

d´1`¨ ¨ ¨` t0 of degree
d with kd by mapping f to pt0, . . . , td´1q.

Let d “ 2. Prove that the subset of kd corresponding to those polyno-
mials which have a multiple zero is of the form V pDq for a polynomial
D P krT0, . . . , Td´1s.

Remark. The same result holds for d ą 2, but is more difficult to prove.
One way to do it is roughly as follows: View f as a polynomial with
coefficients in the field K “ kpt0, . . . , td´1q of rational functions in d
variables over k. Let L be the splitting field of f , a Galois extension of
K. Let αi be the zeros of f in L, and let D “

ś

iăjpαi´αjq
2. Then use

the main theorem on elementary polynomials. Alternatively, use Galois
theory to show that D P K, and use that krt0, . . . , td´1s is integrally
closed to conclude that D P krt0, . . . , td´1s.

Problem 4

Let k be an algebraically closed field. Let n ě 1. We identify the space
M :“ Matnˆnpkq of pn ˆ nq-matrices with entries in k with kn

2
and

equip it with the Zariski topology. By Problem 2 (b), it is irreducible.

(a) Prove that the subset of M consisting of matrices A such that
charpolApAq “ 0 is closed in M (without using the Theorem of
Cayley-Hamilton).

(b) Use Problem 3 to prove that the subset of diagonalizable matrices
with n different eigenvalues in k is open in M .

(c) Prove the Theorem of Cayley-Hamilton, i.e., prove that the subset
in (a) equals all of M .


